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I n t r o d u c t i o n  

The i n v e s t i g a t i ~ n s  r e p o r t e d  he r e  a l l  f a l l  w i t h i n  t h e  

g u i d e l i n e s  of t h e  o b j e c t i v e s  a s  d e l i n e a t e d  i n  NASA C o n t r a c t  

NAS 8-21480. The pr imary s t r u c t u r e s  ana ly sed  were i n f l a t e d  

c y l i n d r i c a l  s h e l l s ,  cons i de r ed  t h e  most f e a s i b l e  c o n f i g u r a t i o n  

f o r  u s e  as space  v e h i c l e  an tennas  and g r a v i c y - g r a d i e n t  damper 

booms, For t h e  i n f l a t e d  membrane c y l i n d r i c a l  s h e l l  1:116: lo-L i - ~ w i n g  

i n v e s t i g a t i o n s  were performed, 

The v i b r a t i o n a l  a n a l y s i s  of general n r e s s u r i z e d  e y i ~ n n r ~ c a l  

s h e l l s  u t i l i z i n g  n a n l i n e a l  nembranc shell theory  :.s 61, 

First  o rde r  e f f e c t s  aE s t r e t c h i n g  of tlzcc middle  suf*i-; ice : i ~ c  

i n c luded .  The r e s u l t s  a r e  presented i n  a g r a p h i c a l  E w i - I ~ I  2h:oiging 

t h e  v a r i a t i o n  i n  freqtxcncy f o r  v a r i o u s  j i l t e rna l  p r c  '-iSr.-r.c ,t\sel-s , 

A comparison o f  resmSi:s wi"ci. s lin.ol.\r;~ c :  , ~ s s l c a l  solut~ a n  n r o  - 

v ided  a check f o r   he method of sa lu . t ion  usea ;  

The free v i b r a t i o n  of l o n g  cantilevered cylindrical beams 

i s  c o n s i d e r e d ,  7 h e  e f f e c t s  ~f i n t e r n a l  p r e s s u r i z a t i s n  and t r a n s -  

v e r s e  s h e a r  s t i f f n e s s  x r a  i~ieLuGed., The results are p r e s e n t e d  

in a g r a p h i c a l  form w ~ t h  a nondimensional  f requency  plozted 

a g a i n s t  a nondimensional  p2rameter x n i c h  was a f u n c t i o n  o f  t h e  

s h e l l  shear s t i f ! ? s s s  and the i n t e r n a l  p r e s s u r e ,  

The n s n 2 i ~ ~ e z r  ? n a ? y s T s  of 2-n anClated cylindrical beam with 

under'ormsd a x i s  ~ ~ I T L I G ~ ~  3i  aczate ang les  r e l a t i v e  -:a the v e r t i c a l  

and roza t ed  IJO:'-:C,~ 7 -, 25oa:t t h e  v e r c i c a i  ~ w - r e ~ e n t e d . .  S t e a d y  

s t a t e  def lsct isr t  -, 1 + - ~ -  .t?t?r.r;l: n,arl c ~ ? -  f Tqxib%e ;1"3d,~a nrlrtaeri~a1t-y 



and compared t o  exper imenta l  d e g l e c t i o n  c u r v e s ,  From a s t e a d y  

s t a t e  d e f l e c t i o n  o r  p r e s t r e s s e d  s t a t e  a  s e t  0% l i n e a r  p e r t u r -  

b a t i o n  equa t ions  a r e  de r ived .  These equa t ions  a r e  so lved  nu- 

m e r i c a l l y  f o r  t h e  n a t u r a l  f r equenc i e s  a s s o c i a t e d  w i th  t h e  p e r -  

t u rbed  motion,  The r e s u l t s  of  t h e s e  s t u d i e s  a r e  p r e sen t ed  and 

d i s cus sed  i n  t h e  l a t t e r  p a r t s  of Chapter  I11 and I V .  

Experiments were des igned  and performed t o  check t h e  t h e o r y  

and a n a l y t i c a l  r e s u l t s  ob ta ined .  A de ta iZed  d i s c u s s i o n  o f  t h e s e  

exper iments  i s  i nc luded ,  

A b r i e f  summary i s  given a t  t h e  beginning of each c h a p t e r .  

The n o t a t i o n  and symbols used i n  each c h a p t e r  a r e  de f ined  when 

in t roduced  and may n o t  be t h e  same i n  t h e  d i f f e r e n t  c h a p t e r s .  



VIBRATIONS OF PRESSURIZED MEMBRANE CYLINDRICAL SHELLS 

Nonlinear  equa t ions  of motion a r e  de r ived  f o r  a  p r e s s u r -  
i z ed  membrane c y l i n d r i c a l  s h e l l .  The equa t ions  of motion a r e  
so lved  i n  c l o s e d  form under  t h e  assumption of i n f i n i t e s i m a l  
t ime dependent p e r t u r b a t i o n s  about  t h e  axisymmetric p r e -  
s t r e s s  s t a t e .  ' Nondimensional n a t u r a l  f r equenc i e s  a r e  d e t e r -  
mined a s  a  f u n c t i o n  of t h e  number of h a l f  waves i n  t h e  c i r -  
c u m f e r e n t i a l  and mer id iona l  d i r e c t i o n s  f o r  v a r i o u s  v a l u e s  
o f  t h e  i n t e r n a l  p r e s s u r e  and s h e l l  geometry. 

:-A I n t r o d u c t i o n  

The i n v e s t i g a t i o n  of t h e  v i b r a t i o n s  of p r e s t r e s s e d  s h e l l s  

r e q u i r e s  a  c o n s i d e r a t i o n  of t h e  n o n l i n e a r  s h e l l  e q u a t i o n s .  The 

o b j e c t  of t h i s  chap te r  i s  t o  d e r i v e  and s o l v e  t h e  equa t ions  

governing t h e  v i b r a t i o n a l  behav ior  of  p r e s t r e s s e d  membrane 

c y l i n d r i c a l  s h e l l s ,  Using t h e  n o n l i n e a r  membrane s h e l l  theory  

sf r e f e r e n c e  (1-1) t h e  v i b r a t i o n a l  a n a l y s i s  f o r  s imply suppor ted  

c y l i n d r i c a l  s h e l l s  i s  de te rmined ,  

The e f f e c t  of i n t e r n a l  p r e s s u r i z a t i o n  i s  a c c u r a t e l y  

accounted f o r  by p e r m i t t i n g  t h e  p r e s s u r e  f o r c e  t o  always remain 

normal t o  t h e  deformed s u r f a c e .  I n  a d d i t i o n ,  f i r s t  o r d e r  e f f e c t s  

of  s t r e t c h i n g  of t h e  "middle su r f ace"  of  t h e  membrane a r e  i n -  

c luded .  The p r e s t r e s s e d  s t a t e  of  t h e  s h e l l  i s  assumed t o  be 

s a t i s f a c t o r i l y  g iven by t h e  membrane s t a t e  of  s t r e s s .  

Resu l t s  a r e  p r e sen t ed  i n  a  g r a p h i c a l  form showing t h e  v a r i a -  

t i o n  of  n a t u r a l  f r equenc i e s  w i t h  i n t e r n a l  p r e s s u r e  and s h e l l  

dimensions f o r  d i f f e r e n t  wave numbers i n  t h e  c i rcumferen t ia l .  



and mer id iona l  d i r e c t i o n s .  A comparison between frequencies 

ob ta ined  i n  t h i s  a n a l y s i s  and those  ob ta ined  from o t h e r  

ana lyses  appear ing i n  t h e  l i t e r a t u r e  i s  inc luded ,  

I - B  Analys i s  

The s h e l l  geometry i s  i l l u s t r a t e d  i n  Figure  1. A p o i n t  

on t h e  s u r f a c e  o f  t h e  s h e l l  i s  l o c a t e d  by t h e  a x i a l ,  cirzum- 

f e r e n t i a l ,  and r a d i a l  coo rd ina t e s  ( 5 , 0 , r )  r e s p e c t i v e l y ,  The 

displacements  of  t h i s  p o i n t  a r e  ( U , V , \ Q )  i n  t h e  a x i a l ,  circum- 

f e r e n t i a l ,  and r a d i a l  d i r e c t i o n s  r e s p e c t i v e l y .  The s h e l l  i s  

assumed t o  be  i s o t r o p i c  and homogeneous wi th  a c o n s t a n t  t h i c k -  

nes s  h ,  Youngs modulus E, P o i s s o n ' s  r a t i o  u, and mass d e n s i t y  

P 

Governing Nonl inear  Equat ions  

The n o n l i n e a r  equa t ions  f o r  t h e  c y l i n d r i c a l  s h e l l  a r e  

d e r i v e d  from Hamiltonv s p r i n c i p l e  

where T i s  t h e  k i n e t i c  energy of t h e  system,  3 i s  t h e  work 

done by t h e  e x t e r n a l  l o a d s ,  and 1 i s  t h e  change i n  s t r a i n  

energy s t o r e d  i n  t h e  s h e l l  du r ing  deformat ion,  

K i n e t i c  energy.  For t h i s  a n a l y s i s ,  t h e  i n e r t i a  of t h e  

p r e s s u r i z i n g  gas  w i l l  be neg lec t ed  s o  t h a t  t h e  k i n e t i c  energy 

f o r  t h e  membraqe i s  



where d o t s  over t h e  symbols i n d i c a t e  d i f f e r e n t i a t i o n  w i t h  r e -  

s p e c t  t o  t ime.  

V i r t u a l  work ~ f  e x t e r n a l  l o a d s .  I n  d e r i v i n g  t h e  ex-  

p r e s s i o n  f o r  t h e  v i r t u a l  work of t h e  e x t e r n a l  l o a d s ,  i t  i s  

assumed t h a t  t h e  p r e s s u r e  f o r c e  remains everywhere normal t o  

t h e  deformed s u r f a c e .  Thus t he  a d d i t i o n a l  components of t h e  

f o r c e  v e c t o r  i n  t h e  a x i a l  and c i r c u m f e r e n t i a l  d i r e c t i o n s  must 

be i nc luded .  With t h e s e  c o n s i d e r a t i o n s ,  t h e  v i r t u a l  work of 

t h e  p r e s s u r e  l oad ing  i s  

where dA = rde  dc and commas denote  d i f f e r e n t i a t i o n  w i t h  

r e s p e c t  t o  t h e  fo l lowing  s u b s c r i p t e d  v a r i a b l e ,  The f i r s t  term 

i n  equa t ion  ( 3 )  i s  t h e  component o f  t h e  p r e s s u r e  l oad ing  i n  

t h e  a x i a l  d i r e c t i o n ,  t h e  second term i s  t h e  component i n  t h e  

c i r c u m f e r e n t i a l  d i r e c t i o n ,  and t h e  t h i r d  term i s  t h e  component 

i n  t h e  r a d i a l  d i r e c t i o n .  Note t h a t  f o r  t h e  f o r c e  component 

i n  t h e  r a d i a l  d i r e c t i o n ,  t h e  c o e f f i c i e n t  of 6z has been 

a p p r o p r i a t e l y  modif ied  t o  i nc lude  t h e  f i r s t  o r d e r  s t r e t c h i n g  

e f f e c t  of  t h e  "middlefc s u r f a c e ,  A s  a r e s u l t ,  each of t h e  

terms i n  equa t ion  ( 3 )  a r e  of f i r s t  o rde r  i n  t h e  d i sp lacements .  



. C o n s i s t e n t  ( s ee  f o r  i n s t a n c e ,  (1-11 

w i t h  t h e  p r e v i o u s l y  d e r i v e d  e q u a t i o n s  f o r  t h e  v i ' r t u a l  work, 

t h e  v a r i a t i o n  of t h e  s t r a i n  energy s t o r e d  i n  t h e  membrane i s  

where N E ,  N e ,  and N g e  a r e  t h e  s t r e s s  r e s u l t a n t s  and c E 7  

a r e  t h e  t e n s o r  components o f  s t r a i n  t o  be  developed i n  t h e  

nex t  s e c t i o n ,  

The n o n l i n e a r  coi:sor 

components o f  s t r a i n ,  i n  terms of d isglacemc~zts , f 'oa  a. a y l i n -  

d r i c a l  c o o r d i n a t e  sy s  tem from Reference  

. The n o n l i n e a r  e q u a t i o n s  of motion 

and t h e  cor responding  boundary c o n d i t i o n s  of  t h e  c y l i n d r i c a l  

membrane a r e  now o b t a i n e d  by s u b s t i t u t i n g  e q u a t i o n s  ( Z ) ,  ( 3 ) ,  

and ( 4 )  i n t o  e q u a t i o n  (1)  and i n t e g r a t i n g  by p a r t s  where 

p o s s i b l e  t o  e l i m i n a t e  t h e  d e r i v a t i v e s  of t h e  v a r i a t i o n s .  The 

r e s u l t s  of t h i s  s t r a i g h t f o r w a r d  p rocedure  a r e  



i n  U d i r e c t i o n :  

i n  V d i r e c t i o n :  

r-== 
( f J b )  

1 - P_ 

I 7 i 
- ( N c V f i S ) 9 5  r - - / NG(V9e ''I 1.0 - -- N o  (W, @-V) - 

-r2 + -4 1' 

i n  W d i r e c t i o n :  

with t he  corresponding boundary  c o n d i t i o n s  



The e q u a t i o n s  of  motion (6 )  r e p r e s e n t  t h e  sum of t h e  f o r c e s  

a long c o o r d i n a t e s  of t h e  undeformed s u r f a c e  and a r e  v a l i d  f o r  

l a r g e  d i sp lacements ,  smal l  s t r a i n s ,  and moderate ly  l a r g e  r o t a -  

t ions .  

. In  t h e  d e r i v a t i o n  of t h e  v i b r a t i o n  

e q u a t i o n s ,  t h e  s t r e s s  r e s u l t a n t s  and d i sp lacements  a r e  s epa -  

r a t e d  i n t o  p a r t s  a s s o c i a t e d  wi.th an i n i t i a l  axisymmetric 

p r e s t r e s s  and p a r t s  a s s o c i a t e d  w i th  i n f i n i t e s i m a l  time depen- 

d e n t  pe r tu rbed  dispZacements about t h e  p r e s t r e s s e d  s t a t e ,  Thus, 

t h e  s t r e s s  r e s u l t a n t s  and d i sp lacements  i n  t he  t o t a l  s t ress  

s t a t e  a r e  g iven by 

where t h e  b a r s  i n d i c a t e  t h e  p r e s t r e s s e d  s t a t e  and t h e  (o rde r s  

of  magnitude s m a l l e r )  t i l d e  q u a n t i t i e s  r e f e r  t o  t h e  p e r -  

t u rbed  s t a t e ,  I t  i s  assumed t h a t  no a d d i t i o n a l  e x t e r n a l  load ing  

i s  a s s o c i a t e d  w i t h  t h e  pe r tu rbed  s t a t e .  S u b s t i t u t i n g  equa t ions  

(8 )  i n t o  equa t ions  ( 6 )  and ( 7 )  and s u b t r a c t i n g  o u t  t h e  i n i t i a l  

e q u i l i b r i u m  s t a t e  y i e l d s  t h e  l i n e a r i z e d  equa t ions  governing t h e  

f r e e  v i b r a t i o n s  05 a  p r e s t r e s s e d  c y l i n d r i c a l  s h e l l  a s  fo l l ows :  



I n  U d i r e c t i o n :  4 
O G  

* w % W N -V 6981 
E * T6~BSS + 

1 - 
"+ F N ~ ~ , e  si" " N 6 U ~ 6 ~  - phU - pW,& O 

I n  W direction: 
IV 

wi th  boundary c a n d i t  ions 

I n  o b t a i n i n g  e q u a t i o n s  ( 9 )  and ( l o ) ,  i t  was assumed t h a t  

t h e  p r e s t r e s s  de format ions  cou ld  be n e g l e c t e d  and t h a t  t h e  s t r e s s  

r e s u l t a n t s  i n  t h e  p r e s t r e s s e d  s t a t e  were c o n s t a n t .  (With t h e s e  

assumpt ions ,  e q u a t i o n s  ( 9 )  ag r ee  w i t h  t h o s e  used by Le ipens  

(1-3)  f o r  a  t o r o i d a l  s h e l l , )  For a  c y l i n d r i c a l  membrane under  

i n t e r n a l  p r e s s u r e ,  t h e s e  assumpt ions  a re  j u s t i f i e d  f o r  a l i n e a r  

v i b r a t i o n  a n a l y s i s ,  

P r e s t r e s s  state. The p r e s t r e s s  i n  t h e  c y l i n d r i c a l  mem- 

brane  i s  assumed t o  be s a t i s f a c t o r i l y  g iven  by t h e  membrane 

s t a t e  of  s t r e s s ,  Thus, c o n s i s t e n t  w i t h  t h e  assumpt ion t h a t  t h e  

p r e s t r e s s  de format ions  can be n e g l e c t e d ,  t h e  p r e s t r e s s  s t r e s s  



resultants are 

where r is the undeformed radius of the shell, 

Constitutive relations. Consistent with previous assump- 

tions, the relation between the linearized stress resultants and 

strain are 

-4 v -. 
.., 

U , c  4- (V,, + W 

Solutions for Cylinder Vibrations 

In their present form, equations (9) and (10) are partial 

differential equations with three independent variables. How- 

ever, for this analysis, the 5 and time dependence is removed 

by assuming a separable type solution 

-4 

U = u (x)cos nf3 e iwt 

- 
W = w(x)cos ne e iwt 

-. 
Nc = n (x)cos no e iwt 5 

-. 

N, = n (x)cos no e iwt 
8 

-. 

V = v(x)sin nf3 e iwt 



where X = 5 / % .  Substituting equations (13) into equations 

(9) and (10) and making use  of equations (12) yields the 

governing equations as follows: 

with the corresponding boundary conditions 

I f 

+ 1~ -+ 2 r (nv + w) = 0 o r u = O  

In equations (14) axd (151, primes denote differentiation with 

respect to the nondimensional coordinate X, Also 



2 --- 2 
-n  2 
--J- (1 -0 - + r 

2 2 phw 2 

H2 2 -n  - - ( l + n 2 ]  13 + F + r  
- 

H3 3 
= -1 - c n2) + + r 2  

For t h i s  i n v e s t i g a t i o n ,  it was o r i g i n a l l y  i n t ended  t o  

de te rmine  t h e  n a t u r a l  f r e q u e n c i e s  o f  a  c a n t i l e v e r e d  c y l i n d r i c a l  

membrane. Howevsr , equa t i ons  (15) show t h a t  f o r  t h i s  boundary 
I 

c o n d i t i o n  t h e  imposs ib le  c o n d i t i o n  o f  z e ro  s l o p e  (w = 0 )  i s  

r e q u i r e d  a t  t h e  f r e e  end,  (Such a  c o n d i t i o n  a l s o  appears  i n  

t h e  problem of t h e  " f r e e  end s t r j . ngW and can  on ly  be avoided by 

c o n s i d e r a t i o n s  o f  t h e  bending s t i f f n e s s  o f  t h e  s t r u c t u r e . !  

Hence wh i l e  r e s u l t s  cou ld  be o b t a i n e d  f o r  t h e  c a n t i l e v e r  boun- 

da ry  c o n d i t i o n s ,  i t  i s  f e l t  t h a t  more r e a l i s t i c  and meaningful  

i n fo rma t ion  can be p r e s e n t e d  by de t e rmin ing  t h e  n a t u r a l  f r e q u e n c i e s  

f a r  s imply  suppo r t ed  c y l i n d r i c a l  membranes. 

" 

d r i c a l  membrane. The s o l u t i o n s  o f  equa t i ons  ( 1 4 )  which s a t i s f y  

t h e  u = v = w = 0 s imple  suppo r t  boundary c o n d i t i o n s  a r e  

u  (x)  = a s i n  mnx 

v (x) = B cos  m?rx 

w (x)  = Y sinmlTx 



S u b s t i t u t i n g  equa t ions  (17) i n t o  equa t ions  ( 1 4 )  and r q i r i n g  

t h a t  t h e  de te rminan t  of t h e  c o e f f i c i e n t s  a , B ,  and y v a n i s h ,  

l eads  t o  t h e  fo l lowing  s i x t h  o rder  c h a r a c t e r i s t i c  equa t ion  f o r  

t h e  de t e rmina t ion  of t h e  n a t u r a l  f r e q u e n c i e s ,  

Equat ion (18) has been so lved  f o r  t h e  f requency parameter  f o r  

a t y p i c a l  p r e s s u r i z e d  c y l i n d r i c a l  membrane w i t h  R / L  = , 3 3 3 ,  

R/t = 500, 1000, and m = 1, 2 f o r  v a r i o u s  v a l u e s  of p r / E t  

from 0 t o  ,002.  This  upper l i m i t  was chosen s i n c e  it r e p r e s e n t s  

t h e  maximum e l a s t i c  s t r a i n s  f o r  many eng inee r ing  m a t e r i a l s .  

The e f f e c t  on the  n a t u r a l  f requency due t o  t h e  i n t e r n a l  

p r e s s u r e  i s  i l l u s t r a t e d  i n  F igures  I - 1 , 2 , 3 ,  and 4 .  The r e s u l t s  

i n d i c a t e  t h a t  f o r  any g iven  R / L ,  t h e  e f f e c t  of p r e s s u r e  on t h e  

n a t u r a l  f requency i s  approximately  t h e  same, i f  R / t  i s  s u f f i c i e n t l y  

smal l  such t h a t  t h e  s h e l l  approaches a  t r u e  membrane. I t  i s  



a l s o  i n t e r e s t i n g  t o  n o t e  t h a t  f o r  no i n t e r n a l  p r e s s u r e ,  t h e  

f requency parameter  of  t h e  membrane dec rease s  monoton ica l ly  t o  

zero  f o r  an  i n c r e a s e  i n  c i r c u m f e r e n t i a l  wave number n ,  S ince  

t he  f requency v a r i e s  w i t h  t h e  e f f e c t i v e  " s t i f f n e s s "  o f  t h e  

membrane, t h i s  i s  e q u i v a l e n t  t o  a  monotonic decrease  i n  s t i f f -  

ne s s  w i t h  an i n c r e a s e  i n  n  f o r  no i n t e r n a l  p r e s su re .  How- 

e v e r ,  when i n t e r n a l  p r e s s u r e  i s  added, i t  can be seen from t h e  

f i g u r e s  t h a t  t h e  f requency ,  and hence t h e  s t i f f n e s s  o f  t h e  mem- 

brane i s  i nc rea sed  w i t h  an i n c r e a s e  i n  n  f o r  n g r e a t e r  t han  

3 t o  5 ,  

These r e s u l t s  have been compared w i t h  an a-pproximate 

formula d e r i v e d  i n  r e f e r e n c e  ( 1 - 4 )  by u s i n g  Donne l l ' s  t h e o r y  and 

n e g l e c t i n g  t h e  inp lane  i n e r t i a s ,  For l a r g e  va lues  of n ,  where 

Donne l l ' s  t heo ry  i s  a p p l i c a b l e ,  t h e  r e s u l t s  were i n  good agreement. 

F i n a l l y ,  c a l c u l a t i o n s  were a l s o  made u s i n g  t h e  r e s u l t s  of 

t h i s  a n a l y s i s  b u t  n e g l e c t i n g  t h e  i np l ane  i n e r t i a s .  For t h e  

t y p i c a l  c a se s  t r e a t e d ,  t h e  e r r o r  i n t roduced  i n  n e g l e c t i n g  t h e  

i np l ane  i n e r t i a  was of t h e  o r d e r  of  f i v e  pe rcen t  o r  l e s s .  Hence, 

f o r  most p r a c t i c a l  c a s e s  it seems r ea sonab le  t h a t  t h i s  e f f e c t  

can be n e g l e c t e d .  
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Figure  1-1. Geometry o f  c y l i n d r i c a l  membrane. 
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Figure  1 - 2 ,  Frequency V a r i a t i o n  w i t h  Pressure 
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F i g u r e  I -  3 ,  Frequency Variation with Pressure 
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CHAPTER I1 

VIBRATIONS OF INFLATED CYLINDRICAL BEAMS 

A linearized s e t  o f  govexnlng  equat s o n s  is d e v ~ l c p e d  
f o r  t h e  v i b r a t o r y  mot ion  o f  ~ n f  ia-ced c y l i n d r l c a : ~  beanis, 
N a t u r a l  f r e q u e n c i e s  a re  c a l e ~ i a t e d  f o r  the  f l r s r  f i v e  
normal  modes o f  a c a n t l l e v e ~ e d  be3.1r1 The f ~ e c j l j e n c y  'a/"s.l~es 
a r e  g i v e n  a s  a f u n c t i o n  of e i  r e c x ~ x e  s h b h r  s ~ r i i n e s s  
p a r a m e t e r ,  The r e s u l t s  a r e  &pplLcabPe  t o  o r t h o c r o p ~ c  
m a t e r i a l s  f o r  t h e  beam walls The rrkcchod or anctiys1s 
y i e l d s  f r e q u e n c y  v a l u e s  SOL t h e   educed case  G €  110 i n x e r n h i  
p r e s s u r e  and  i n f i n i t e  t y a n s v e i s e  s h e a r  s ~ l f t n e s s  whlch  
compare f a v o r a b l y  t o  c l ~ a s s i c a l  f r e q u e n c y  v a l u e s ,  

1 1 - A  Z n t r q d u c t l o n  

The o b ~ e c t i v e  i n  t h i s  c h a p t e r  i s  t o  dez iwe  cind s o l v e  

t h e  e q u a t i o n s  govern ing  t h e  v l b r a r o r y  b e h a v i o r  o f  i n f l d t e d  

c y l i n d r i c a l  beams, The a n a l y s l s  s s  b a s e d  on a p r o c e d u r e  

s l m i l a r  t o  t h a t  deve loped  i n  d e t k i l  I n  R e f e r e n c e s  (11 -1 )  

and ( 1 1 - 2 )  f o r  t h e  b u c k l i n g  of i n f l a t e d  beams and  r i n g s  of 

c i r c u l a r  c r o s s  s e c t i o n .  H a m i l t o n ' s  p r i n c i p l e  i s  u s e d  t o  d e r i v e  

t h e  g o v e r n i n g  e q u a t i o n s ,  The e f f e e e s  o f  i n t e r n a l  p r e s s u r e  

and t r a n s v e r s e  s h e a r  d e f o r m a t i o n s  a r e  a e e o u n t e d  f o r  by r e -  

f e r r i n g  t h e  l o c a l  displacements i n  t h e  beam w a l l  t o  r i g i d  

body t r a n s l a t i o n s  and c r o s s  s e c t i o n a l  r o t a t i o n s ,  The r e s u l t s  

a r e  v a l i d  f o r  m o d e r a t e l y  l a r g e  d e f l e c t i o n s  and r o t a t i o n s  o f  

t h e  beam, 



The r e s u l t s  a r e  p r e s e n t e d  i n  a  g r a p h i c a l  form showing 

f r e q u e n c y  v a l u e s  a s  a  f u n c t i o n  o f  t h e  i n t e r n a l  p r e s s u r e  and 

t r a n s v e r s e  s h e a r  s t i f f n e s s ,  The e f f e c t  o f  i n t e r n a l  p r e s s u r -  

i z a t i o n  i s  shown t o  depend on t h e  i n c l u s i o n  o f  t h e  t r a n s -  

v e r s e  s h e a r  s t i f f n e s s  of t h e  beam i n  t h e  a n a l y s i s .  A com- 

p a r i s o n  w i t h  known s o l u t i o n s  f o r  t h e  c a s e  of  no i n t e r n a l  

p r e s s u r e  and i n f i n i t e  s h e a r  s t i f f n e s s  p r o v i d e s  a n  i n d i c a t i o n  

of t h e  v a l i d i t y  of  t h e  r e s u l t s  found i n  t h i s  i n v e s t i g a t i o n .  

I - 
A segment o f  t h e  p r e s s u r i z e d  c y l i n d ~ i c a l  beam c a n f i g -  

u r a t i o n  and t h e  c o o r d i n a t e  sys tems a r e  shown i n  F i g u r e  11-1, 

The d i s p l a c e m e n t s  u ,  v ,  w o f  p o i n t s  on t h e  s u r f a c e  a r e  r e l a t e d  

t o  r i g i d  body t r a n s l a t i o n s  and r o t a t i o n s  a b o u t  t h e  e e n t r o i d a l  

a x i s  of  t h e  beam. T r a n s l a t i o n s  u i  and r i g i d  body r o t a t i o n s  

w o f  t h e  c e n t r o i d a l  a x i s  a r e  r e f e r r e d  t o  a l o c a l  c a r t e s  i 

c o o r d i n a t e  system w i t h  i t s  o r i g i n  a l o n g  t h e  e e n t r o i d a l  

i an  

a x i s .  

F i g u r e  11-1 C o o r d i n a t e s ,  d i s p l a c e m e n t s ,  and l o a d  r e s u l t a n t s  

on i n f l a t a b l e  c y l i n d r i c a l  beam, 



C e r t a i n '  s i m p l i f y i n g  assumpt ions  have  been made i n  t h i s  

a n a l y s i s :  (1)  The beam i s  c o n s i d e r e d  t o  be  a  membrane i n  t h a t  

t h e  Pocaf bending s t i f f n e s s  o f  t h e  w a l l s  i s  n e g l e c t e d ,  (2 )  t h e  

beam v i b r a t e s  w i t h o u t  l o c a l i z e d  w r i n k l i n g  o f  t h e  membrane wa l l s ,  

( 3 )  any c r o s s  s e c t i o n  of  t h e  beam remains  r i g i d  i n  i t s  own 

p l a n e  s o  t h a t  t h e  c r o s s  s e c t i o n  remains  c i r c u l a r  and t h e  r e -  

s u l t i n g  d e f o r m a t i o n s  c a n  be c h a r a c t e r i z e d  by t h e  s i x  r i g i d -  

body mot ions  o f  t r a n s l a t i o n  and r o t a t i o n  o f  t h e  c r o s s  s e c t i o n ,  

( 4 )  t h e  r i g i d  body r o t a t i o n s  a r e  s m a l l  enough f o r  t h e  d i s p l a c e -  

ments  on t h e  s u r f a c e  o f  t h e  beam t o  be  r e p r e s e n t e d  by t h e  v e c t o r  

sums of t h e  d i s p l a c e m e n t s  'due t o  t r a n s l a t i o n  and r o t a t i o n s  o f  

a c r o s s  s e c t i o n ,  

D e r i v a t i o n  o f  Governing E q u a t i o n s  

The e q u a t i o n s  govern ing  t h e  vibration b e h a v i o r  o f  a 

p r e s t r e s s e d  c y l i n d r i c a l  beam a r e  o b t a i n e d  from t h e  v a r i a t i o n a l  

form of  H a m i l t o n ' s  p r i n c i p l e  

where r1 i s  t h e  change i n  s t r a i n  e n e r g y ,  r 2  i s  t h e  p o t e n t i a l  

e n e r g y  change of t h e  i n t e r n a l  p r e s s u r e  due t o  d e f o r m a t i o n  and 
- 

I i s  t h e  change i n  ' k i n e t i c  ene rgy  o f  t h e  beam, 

C o n s i s t e n t  w i t h  a s sumpt ion  

( 3 ) ,  t h e  s t r a i n  E~ i n  t h e  9 d i r e c t i o n  i s  n e g l e c t e d  s o  t h a t  t h e  

s t r a i n  ene rgy  v f o r  t h e  beam becomes I 



where, for the cylinder, the pertinent nonlnnear strain dis- 

placement relations are 

An immediate consequence of assumiizg zero circumferential 

strain is that the material constants E and G may be de- 

fined independently, Henc-c the results of this analysis will 

also be valid for orehotropic m a t e r i a l s -  In terms o f  trans- 

lations and small r o t a c l o n s  of a cross  section, the local 

displacements u, v ,  w a r e  given by ( s e e  r e f ,  1) 

so that the strain energy rl can be expressed in terms of the 

rotations and translations of a cross section as 



where 

M1 + V2 
B e -  

v3 
Nx 0 - cos0 - - s i n e  

2nr2 rr rr 

3 M2 = Enr hr2 

3 M 3  = Esr hlc3 

and 



Primes deno t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  x. 

" ., 
: The change i n  

p o t e n t i a l  o f  t h e  p r e s s u r i z i n g  ga s ,  

where g i s  t h e  i n t e r n a l  p r e s s u r e  and AV i s  t h e  change i n  

enc lo sed  volume due t o  de fo rma t ion ,  can be w r i t t e n  i n  terms 

of  ui and ui a s  ( see  f o r  i n s t a n c e  r e f . l , 2 )  

t 2 
= - p n r 2  J~ 2 'rr2 i u 'w - U 3 0 2  - 4(w2 + us) 

0 
2 3 

( 9 )  

The k i n e t i c  energy f o r  t h e  

beam i s  developed on t h e  assumption t h a t  t h e  k i n e t i c  energy  

o f  t h e  gas  i s  n e g l i g i b l e  i n  comparison w i t h  the  mass of  t h e  

beam. 

Then 

2 . Z  * 2  r 2  * 2  
+ u2 + u3 2 . 2  + Z ( ~ 2  + ;' + 2r d l )  3 

where p = mass d e n s i t y  of t h e  f a b r i c  w a l l s  o f  t h e  beam. 

The n o n l i n e a r  e q u a t i o n s  governing t h e  behav ior  of t h e  beam 

a r e  now o b t a i n e d  by s u b s t i t u t i n g  e q u a t i o n s  ( S ) ,  ( 9 ) ,  and ( 1 0 )  

i n t o  ( I ) ,  and u t i l i z i n g  t h e  fundamenta l  lemma of t h e  c a l c u l u s  

of v a r i a t i o n s ,  Performing t h i s  o p e r a t i o n  and n e g l e c t i n g  t h e  

t w i s t  abou t  t h e  l o n g i t u d i n a l  a x i s  (which i s  u s u a l l y  s m a l l )  

t h e  n o n l i n e a r  e q u a t i o n s  become 



where 

( 1 2 )  

The corresponding boundary eonditions are, at x = 0 and L 

Equations (6) and (11) constitute a system of 10 equations 

and 10 unknownsD 



Equat ions  (11) a r e  now used t o  o b t a i n  s o l u t i o n s  f o r  

t h e  v i b r a t i o n  c h a r a c t e r i s t i c s  of  an i n f l a t a b l e  c y l i n d r i c a l  

beam wi th  one end f i x e d  and t h e  o t h e r  end f r e e ,  I n  o r d e r  

t h a t  t h i s  be accomplished equa t ions  (11) a r e  pe r tu rbed  i n  t h e  

u s u a l  manner and t h e  terms due t o  p r e s t r e s s  a r e  r e t a i n e d ,  

The corresponding terms due t o  p r e s t r e s s  deformat ions  a r e  

neg l ec t ed .  Then t h e  " l i n e a r "  equa t ions  governing t h e  f r e e  

v i b r a t i o n  behavior  of an i n f l a t e d  beam become 

3 " r t * 

Enr hw2 - Gnrh(u3 + w 2 )  - P ( u 3  i w 2 )  = kw2 (14d) 

wi th  t h e  cor responding  boundary c o n d i t i o n s  a t  x  = 0 



Equations (14) correspond t o  t h e  Timoshenko beam equa t ions  

( r e f .  3 )  w i t h  the  a d d i t i o n a l  e f f e c t s  of i n t e r n a l  p r e s s u r e  

and l a r g e  l a t e r a l  d i sp lacements  accounted f o r ,  

I t  w i l l  be no ted  from equa t ions  (14b, 14e) and equa t ions  

(14c,  14d) t h a t  t h e  i np l ane  r o t a t i o n  and d i sp l acemen t ,  w j  and 

u 2  r e s p e c t i v e l y ,  a r e  uncoupled from t h e  out-of-plane r o t a t i o n  

and d i sp lacement ,  o2 and u3  r e s p e c t i v e l y .  This  i s  a  consequence 

of n e g l e c t i n g  t w i s t  about t h e  long i tud i f la l  a x i s  and of t h e  

beam c r o s s  s e c t i o n  being axisymmetr ical .  I n  a d d i t i o n ,  t h e  

term invo lv ing  t h e  a x i a l  d isplacement  u l  appears  i n  on ly  one 

uncoupled equa t ion ,  t h e  s o l u t i o n  of which i s  t h e  c l a s s i c a l  

e x t e n s i o n a l  v i b r a t i o n  r e s u l t s  of  beams. Thus t h e  e x t e n s i o n a l  

s t i f f n e s s  EA o f  t h e  beam i s  uncoupled from t h e  e f f e c t s  o f  

bending and i n t e r n a l  p r e s s u r e .  

An added s i m p l i f i c a t i o n  r e s u l t s  when it i s  no ted  t h a t  t h e  

s t r u c t u r e  of  equa t ions  (14b,e)  a r e  i d e n t i c a l  t o  equa t ions  

( l 4 e , d )  s o  t h a t  f o r  t h i s  a n a l y s i s  i t  i s  only  neces sa ry  t o  s o l v e  

cne of t h e s e  two s e t s  of e q u a t i o n s ,  The s e t  o f  equa t ions  

chosen f o r  s o l u t i o n  a r e  equa t ions  (14b , e ) ,  These equa t ions  a re  



f i r s t  uncoupled by d i f f e r e n t i a t i n g  ( l 4 b )  w i t h  r e s p e c t  t o  x ,  
I t  

s o l v e  f o r  w g ,  s u b s t i t u t e  i n t o  ( l 4 d )  and s o l v e  f o r  w 3 ,  t h en  

s u b s t i t u t e  t h i s  r e s u l t  i n t o  (14b) ,  The r e s u l t s  of  t h i s  

s t r a i g h t  fo rward  p rocedure  a r e  

where 

and primes deno t e  8 / 8 6 ,  5 = x/L.  

w i t h  t h e  s o l u t i o n  f o r  u 2  known, t h e  e x p r e s s i o n  f o r  u3 can be 

o b t a i n e d  a s  

where 



The solution of equation (16) is 

and the corresponding solution to equation (18) is 

where 

The boundary conditions are 



Applying t h e s e  boundary c o n d i t i o n s  t o  equa t ions  (20) and 

(21) y i e l d s  t h e  fo l l owing  de te rminan t  of t h e  c o e f f i c i e n t s  a i  

which must be ze ro  f o r  a  n o n t r i v i a l  s o l u t i o n .  

Discuss ion  of Resu l t s  

The r o o t s  ( w / w ~ ) ~  of t h e  de te rminan t  (eqn,  24) y i e l d s  

t h e  n a t u r a l  f r e q u e n c i e s  f o r  an i n f l a t a b l e  c a n t i l e v e r  c y l i n d r i c a l  

beam once t h e  s h e a r  s t i f f n e s s  parameter  I / (?  .c 'jR) and t h e  l e n g t h  

t o  r a d i u s  r a t i o  r / L ,  have been s p e c i f i e d .  Such c a l c u l a t i o n s  

have been made f o r  v a r i o u s  c o n f i g u r a t i o n s  and t h e  r e s u l t s  p l o t t e d  

i n  F igure  11-1, I n  F igure  1 1 - 1 , t h e  nondimensional  f requency 

parameter  - (w/w,) has  been p l o t t e d  a g a i n s t  t h e  nondimensional  

s h e a r  s t i f f n e s s  parameter  I / (?  + c )  f o r  t h e  f i r s t  f i v e  modes 

o f  v i b r a t i o n ,  I t  was found t h a t  t h e  i n f l u e n c e  of beam dep th  

was n e g l i g i b l e  f o r  L / r  2 20 and acco rd ing ly  t h e  r e s u l t s  shown 

i n  t h e  f i g u r e  a r e  a p p l i c a b l e  f o r  t y p i c a l  beam dimensions r / L  

> 20 .  - 
Note i n  a l l  c a s e s  t h a t  t h e  f requency parameter  d e c r e a s e s  

wi th  an i n c r e a s e  i n  t h e  s h e a r  s t i f f n e s s  parameter  l / ( F  + F). 
This  dec rease  i s  e s p e c i a l l y  no t ab l e  f o r  sma l l  va lues  of  l / ( f s  + f ) .  



I n  t h i s  r e g a r d ,  i t  i s  p o i n t e d  o u t  t h a t  t h e  v a l u e s  of  ( w / ~ ~ ) ~  

f o r  1/ (7 + x) = 0 canno t  be o b t a i n e d  from e q u a t i o n  ( 2 4 ) ,  
- 1 

s i n c e  i f  f rom e q u a t i o n  (18) l / ( P  + K) = 0 t h e n  w3L = 
U 2  

which c o r r e s p o n d s  t o  t h e  l a s t  of t h e  boundary c o n d i t i o n s  

(eqn. 2 3 ) .  Hence, s i n c e  t h e  e q u a t i o n  o f  mot ion  i s  t h e  same 

a s  t h e  boundary c o n d i t i o n s  f o r  al.1 x ,  t h e n  t h e  l a s t  l i n e  o f  

t h e  d e t e r m i n a n t  (eqn ,  24) i s  i d e n t i c a l l y  z e r o  and t h e  d e t e r -  

minant  t h u s  h a s  no  n o n t r i v i a l  s o l u t i o n .  However, v a l u e s  

o f  ( w / w o ) ~  c o r r e s p o n d i n g  t o  l / ( ?  + 3) - 0 can  be  o b t a i n e d  from 

c l a s s i c a l  beam t h e o r y  ( s e e  r e f ,  3 ,  f o r  example) and t h e  d o t t e d  

l i n e s  i n  F i g u r e  1 r e p r e s e n t  e x t r a p o l a t i o n  from t h e s e  c l a s s i c a l  

v a l u e s  t o  t h e  f i r s t  c a l c u l a t e d  v a l u e s  o f  ( W / W O )  f o r  l / ( P  -+ x )  
= 0 ,02 .  

A t h e o r e t i c a l  i n v e s t i g a t i o n  o f  t h e  v i b r a t i o n  c h a r a c t e r i s t i c s  

~f a  p r e s s u r i z e d  c y l i n d r i c a l  c a n t i l e v e r  beam h a s  beell c a r r i e d  

o u t  w i t h  f i n i t e  s h e a r  s t i f f n e s s  and a p p r o p r i a t e  c o n t r i b u t i o n s  

from t h e  i n t e r n a l  p r e s s u r e  talcen i n t o  a c c o u n t .  The e q u a t i o n s  

govern fng  t h e  n a t u r a l  f r e q u e n c i e s  have been  d e r i v e d  and s o l v e d ,  

and t h e  r e s u l t s  p l o t t e d  i n  a  u s a b l e  f o r m a t .  

The m a j o r  r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  a r e :  1. S h e a r  

s t i f f n e s s  o f  t h e  beam w a l l  m a t e r i a l  and i n t e r n a l  p r e s s u r e  b o t h  

c o n t r i b u t e  t o  t h e  e f f e c t i v e  t r a n s v e r s e  s h e a r  s t i f f n e s s  o f  t h e  

beam, which i n  t u r n  s t r o n g l y  i n f l u e n c e s  v i b r a t i o n  c h a r a c t e r i s t i c s ,  

2 ,  The e f f e c t  o f  r a d i u s  t o  l e n g t h  r a t i o  o f  t h e  beam on t h e  

n a t u r a l  f r e q u e n c i e s  a r e  n e g l i g i b l e  f o r  t y p i c a l  beam d imens ions  

o f  s a y  L / r  > 20, - 
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CHAPTER 111 

DYNAMIC RESPONSE OF RODS SUBJECTED TO GYROSCOPIC MOTION 

Summary 

Nonl inear  e q u i l i b r i u m  e q u a t i o n s  a r e  d e r i v e d  and so lved  
numer i ca l l y  f o r  a  f l e x i b l e  c a n t i l e v e r  rod i n c l i n e d  t o ,  and 
r o t a t e d  about  t h e  v e r t i c a l  a t  a  c o n s t a n t  angu l a r  v e l o c i t y .  
S o l u t i o n s  a r e  o b t a i n e d  u s i n g  bo th  t h e  Runge-Kutta i n t e g r a -  
t i o n  p rocedure  and t h e  Tay lor  s e r i e s  expansion.  R e s u l t s  a r e  
p r e s e n t e d  i n  t h e  form of  i n i t i a l  and t e r m i n a l  v a l u e s  of t h e  
dependent  v a r i a b l e s  a s  f u n c t i o n s  o f  a  nondimensional  a n g u l a r  
v e l o c i t y  pa ramete r .  The r e s u l t s  of  t h i s  a n a l y s i s  a r e  a l s o  
a p p l i c a b l e  f o r  s l e n d e r  p r e s s u r i z e d  t u b e s ,  

1 1 1 - A  I n t r o d u c t i o n  

Th i s  c h a p t e r  i s  concerned w i t h  t h e  d e r i v a t i o n  and s o l u -  

t i o n  of  t h e  n o n l i n e a r  d i f f e r e n t i a l  equa t i ons  governing t h e  

l n o t ~ o n  of a f l e x i b l e  c a n t i l e v e r  rod i n c l i n e d  t o ,  and r o t a t e d  

about  t h e  v e r t i c a l  a t  a  c o n s t a n t  angu l a r  v e l o c i t y ,  I n  t h e  

d e r i v a t i o n  o f  t h e  e q u a t i o n s ,  i t  i s  assumed t h a t  p l a n e  s e c t i o n s  

remain p l a n e ,  s h e a r  de format ion  can be n e g l e c t e d ,  and t h e  r o d  

i s  i n e x t e n s i b l e ,  Numerical s o l u t i o n s  a r e  ob t a ined  u s i n g  a  

f i x e d  s t e p  Runge-Kutta i n t e g r a t i o n  procedure  and a Tay lo r  

s e r i e s  expans ion ,  The r e s u l t s  of  t h e  a n a l y s i s  a r e  a p p l i c a b l e  

t o  t h e  c a s e  of  a p r e s s u r i z e d  t ube  w i t h  a p p r o p r i a t e  d e f i n i -  

t i o n s  of  t h e  dependent  v a r i a b l e s ,  

I n  o r d e r  t o  make t h e  r e s u l t s  of  t h i s  a n a l y s i s  a p p l i c a b l e  

t o  a wide c l a s s  o f  s l e n d e r  rod e o n f ~ g u r a t i o n s ,  nondimensional  



v a l u e s  o f  bending moment, t e n s i o n ,  and s h e a r  a t  t h e  f i x e d  end,  

and nondimensional  v a l u e s  of  a x i a l  and t r a n s v e r s e  d e f l e c t i o n ,  

s l o p e ,  and c e n t r i f u g a l  f o r c e ,  a t  t h e  f r e e  end a r e  p l o t t e d  a s  

f u n c t i o n s  of a nondimensional  pa ramete r  which c h a r a c t e r i z e s  

t h e  angu la r  v e l o c i t y ,  mass,  l e n g t h ,  and bending s t i f f n e s s  of  

t h e  r o d ,  These r e s u l t s  a r e  p r e s e n t e d  f o r  t h e  ca se  where t h e  

s l e n d e r  rod i s  r o t a t e d  un i fo rmly  i n  a  g r a v i t y  f r e e  e n v i r o n -  

ment.  

F i n a l l y ,  a  check on t h e  v a l i d i t y  of  t h e  r e s u l t s  of t h i s  

t h e o r e t i c a l  a n a l y s i s  i s  made by comparing w i t h  r e s u l t s  ob- 

t a i n e d  from exper iment ,  The agreement was e x c e l l e n t ,  A more 

d e t a i l e d  d i s c u s s  ion  o f  the coinparison between t heo ry  and e x p e r i -  

ment a r e  g iven  i n  another  s e c t i o n  o f  t h i s  r e p o r t ,  

Consider  a  t h i n  e x t e n s i b l e  rod of  l e n g t h  L ,  weight  p e r  

u n i t  l e n g t h  p ,  mass p e r  u n i t  l e n g t h  m, and bending s t i f f n e s s  

E I ,  c a n t i l e v e r e d  a t  one end and i n c l i n e d  a t  an ang l e  a w i t h  

r e s p e c t  t o  v e r t i c a l .  I f  i n  a d d i t i o n  t o  t h e  weight  p ,  t h e  

rod i s  r o t a t e d  abou t  t h e  v e r t i c a l  a t  a  c o n s t a n t  angu l a r  v e l o c -  

i t y ,  t h e  deformed c o n f i g u r a t i o n  i s  as shown i n  F igure  I11 - l a .  

A p o i n t  on t h e  undeformed rod  d e f i n e d  by t h e  c o o r d i n a t e s  x 

and a i s  d i s p l a c e d  a x i a l l y  (u)  and t r a n s v e r s e l y  (w) t o  a 

p o i n t  on t h e  deformed a r e  l o c a t e d  by t h e  c o o r d i n a t e  s and t h e  

s l o p e  ( 8 )  which t h e  t angen t  makes w i t h  t h e  r e f e r e n c e  a x i s .  

A t  t h i s  p o i n t  on t h e  deformed r o d ,  t h e  c e n t r i f u g a l  f o r c e  i s  



P = ma2(- ( u - X )  s i n  a + w cos a) 
C (1) 

A f reebody diagram of  t h e  deformed rod  at  t h i s  p o i n t  ( s , 0 )  i s  

sholtn i n  F igure  111-lb. Summing f o r c e s  i n  t h e  t a n g e n t i a l  d i r e c -  

t i o n  ( p a r a l l e l  t o  t h e  deformed a r c )  y i e l d s  t h e  equ i l i b r ium 

equa t ion .  

I n  a  s i m i l a r  manner, t h e  sum of xhe f o r c e s  normal t o  t h e  

deformed a r e  r e s u l r s  i n  %he e q u i l i b r i u m  equa t ion  

= - p  sin (a + B) - cos  ( a  + 0) (3)  - 2 + ~ z  

I n  o r d e r  t h a t  zhe sum 0 %  t h e  moments a r e  zero  a t  any p o i n t  

Equat ions  (Z), ( 3 ) ,  and ( 4 )  a r e  t h e  d i f f e r e n t i a l  e q u a t i o n s  

governing t h e  deformat ion of a  f l e x i b l e  rod ,  They a r e  a l s o  

a p p l i c a b l e  f o r  a  p r e s s u r i z e d  tube  i f  ( a )  t h e  t e n s i o n  T i s  

r ede f ined  t o  be T-qA where q i s  t h e  i n t e r n a l  p r e s s u r e  and A 

i s  t h e  c r o s s  s e c t i o n a l  a r e a  of t h e  t ube ,  (b) s h e a r  deformat ion  

i s  neg l ec t ed  and (c )  t he  c r o s s  s e c t i o n  remains c i r c u l a r .  Such 

assumptions a r e  reasonable  f o r  long s l e n d e r  c o n f i g u r a t i o n s .  



I n  o r d e r  t o  o b t a i n  a  s o l u t i o n  t o  equa t ion  ( 2 ) ,  (3)  and 

( 4 ) ,  i t  i s  convenient  t o  f i r s t  r e w r i t e  them a s  a  s e t  of f i r s t  

o r d e r  d i f f e r e n t i a l  e q u a t i o n s ,  This i s  accomplished i n  t h e  

fo l l owing  manner. From Figure  1 1 1 - l a ,  i t  i s  s een  t h a t  t h e  a x i a l  

d isplacement  u can be w r i t t e n  a s  

and s i m i l a r l y  t h e  t r a n s v e r s e  d e f l e c t i o n  w can be w r i t t e n  a s  

From t h e  E u l e r - B e r n o u l l i  hypothes i s  t h a t  p lane  s e c t i o n s  remain 

p l a n e ,  t he  r e l a t i o n  between t h e  bending moment and c u r v a t u r e  

i s  

Now s u b s t i t u t i n g  equa t ion  ( 7 )  i n t o  equa t ions  ( 2 )  and ( 3 )  and 

d i f f e r e n t i a t i n g  equa t ions  ( 5 )  and ( 6 )  w i t h  r e s p e c t  t o  s ,  t h e  

fo l lowing  s e t  of f i r s t  o r d e r ,  non l inea r  coupled d i f f e r e n t i a l  

equa t ions  a r e  o b t a i n e d ,  



d S  = - C O S ~  ?E 

dw = s i n e  ars 

where 

The cor responding  boundary cond i t i ons  f o r  t h e  c a n t i l e v e r  a r e  

The equa t ions  ( 8 )  t o g e t h e r  wi th  t h e  boundary cond i t i ons  ( 1 0 )  

c o n s t i t u t e  a  w e l l  de f ined  i n i t i a l  va lue  problem, 

These equa t ions  a r e  now so lved  u s i n g  (1) a Taylor  s e r i e s  

expansion and ( 2 )  a  d i r e c t  numerical  i n t e g r a t i o n  procedure .  



Although t h e  l a t t e r  t echn ique  i s  more f l e x i b l e  and i n  g e n e r a l  

a  more f e a s i b l e a n d  a c c u r a t e  approach t o  t he  s o l u t i o n ,  t h e  Taylor  

s e r i e s  expansion prov ides  more p h y s i c a l  i n s i g h t  i n t o  t h e  s o l u -  

t i o n  of t h e  problem. For t h i s  r ea son ,  i t  i s  inc luded  i n  t h i s  

a n a l y s i s .  

Taylor  S e r i e s  S o l u t i o n  

The n o n l i n e a r  equa t ions  ( 8 )  d e f i n e  s i x  unknown dependent 

v a r i a b l e s  M ,  T ,  Q ,  8 ,  5 ,  and w.  However, i f  t h e  s l o p e  0 and cen -  

t r i f u g a l  f o r c e  Fc were known, t hen  t h e  d i sp lacements  u  and w 

could  be determined by i n t e g r a t i n g  t h e  l a s t  two of e q u a t i o n s  ( 8 )  

and t h e  moment M could be determined by d i f f e r e n t i a t i o n  from 

t h e  f o u r t h  of  e q u a t i o n  ( 8 ) .  Then w i t h  t h e  d i sp l acemen t s ,  s l o p e ,  

and c e n t r i f u g a l  f o r c e  known, t h e  t e n s i o n  and s h e a r  cou ld  be 

determined from i n t e g r a t i o n  of t h e  second and t h i r d  of equa t ions  

( 8 )  

To determine t h e  s l o p e  and t h e  c e n t r i f u g a l  f o r c e ,  i t  i s  

convenient  t o  expand them i n  a  Taylor  s e r i e s  about t h e  f r e e  

end a s  fo l lows  

where 5 = L - s  . The terms 0 (0) and Fc (0) a t  t h e  f r e e  end a r e  

unknown. I n  a d d i t i o n ,  t h e  c o e f f i c i e n t s  of 5 i n  each of t h e  

equa t ions  a r e  a l s o  unknown b u t  as  w i l l  p r e s e n t l y  be shown, 



they can be expressed  a s  f u n c t i o n s  only  of O(0) and Fc (0). 

Thus, a f t e r  t h e  c o e f f i c i e n t s  O(0) and ~ ~ ( 0 )  a r e  de f ined  a l l  

o t h e r  terms i n  (11) a r e  known and t h e  r e s u l t  i s  two n o n l i n e a r  

a l g e b r a i c  equa t ions  i n  t h e  two unknowns 0(0)  and Fc(0) .  

To o b t a i n  a  s o l u t i o n ,  va lues  of 0 (0) and F, (0) a r e  

assumed and i t e r a t i v e l y  a d j u s t e d  u n t i l  equa t ions  (111, evalua2ed 

a t  5 = L ,  a r e  z e r o ,  This  i t e r a t i v e  adjus tment  of t h e  assumed 

va lues  i s  ob t a ined  us ing  t h e  Newton Raphson method f o r  s imul -  

taneous  equa t ions  ( r e f ,  111-1) .  For t h i s  a n a l y s i s  t h e  Taylor  

s e r i e s  (eqns,  ll), were expanded throug91 t h e  e l e v e n t h  d e r i v a t i v e  

and r e s u l t s  ob t a ined  f o r  O and Fc were compared w i t h  t hose  ob- 

t a i n e d  by a  more accu ra t e  numerical  i n t e g r a t i o n  procedure  

p re sen t ed  i n  t h e  nex t  s e c t i o n .  Resu l t s  were i n  e x c e l l e n t  ag ree -  

ment f o r  t h e  s l o p e  and d e f l e c t i o n s .  However, s u f f i c i e n t l y  

a c c u r a t e  v a l u e s  f o r  t h e  i n t e r n a l  f o r c e s  and moment cou ld  only  

b e  ob t a ined  f o r  va lues  of e (o)  80' For va lues  of O(0) 

g r e a t e r  t han  8 0 ° ,  a d d i t i o n a l  terms i n  t h e  s e r i e s  (11) a r e  

needed. 

The c o e f f i c i e n t s  appear ing  i n  equa t ions  (11) a r e  g iven 

i n  d e t a i l  i n  t h e  appendix t o  t h i s  c h a p t e r ,  However, it i s  

shown he re  how one proceeds t o  c a l c u l a t e  t h e s e  c o e f f i c i e n t s  a s  

a  f u n c t i o n  on ly  of 8 (0) and Fc (0 ) .  From equa t ions  (8) and (10) 



where B = a + O(0) and p r imes  d e n o t e  d i f f e r e n t i a t i o n  w i t h  r e s -  

p e c t  t o  5. But from e q u a t i o n  (1)  

! 

Fc(0)  = - K  s i n  B 

where K = mu2 such  t h a t  e r V ( 0 )  i s  d e f i n e d .  C o n t i n u i n g  i n  

t h i s  manner ,  a l l  c o e f f i c i e n t s  i n  e q u a t i o n s  (11) th rough  any 

o r d e r  d e r i v a t i v e  can  be  d e f i n e d  i n  t e rms  o f  0 ( 0 )  , Fc ( 0 ) .  How- 

e v e r ,  f o r  h i g h e r  o r d e r  d e r i v a t i v e s  t h a n  t h o s e  p r e s e n t e d ,  t h e  

a l g e b r a i c  m a n i p u l a t i o n s  r e q u i r e d  t o  o b t a i n  t h e  c o e f f i c i e n t s  

becomes p r o d i g i o u s ,  

To u t i l i z e  t h e  Newton Raphson p r o c e d u r e  i n  s o l v i n g  t h e  

s i m u l t a n e o u s  e q u a t i o n s ,  t h e  second  d e r i v a t i v e s  of  e q u a t i o n s  (11)  

w i t h  r e s p e c t  t o  O(0) and Fc(0)  a r e  needed.  The c a l c u l a t i o n  o f  

t h e s e  d e r i v a t i v e s  a r e  obv ious  and a s  such  a r e  n o t  p r e s e n t e d  h e r e .  

I n  a d d i t i o n ,  o t h e r  methods s u c h  a s  r e g u i a  f a l s i  can  be  u s e d  which 

do n o t  r e q u i r e  t h e  a d d i t i o n a l  c a l c u l a t i o n  of  t h e  second d e r i v -  

a t i v e s .  

A more g e n e r a l  t e c h n i q u e  o f  s o l u t i o n  o f  e q u a t i o n s  ( 8 )  

i s  t h a t  of  n u m e r i c a l  i n t e g r a t i o n .  For  t h i s  a n a l y s i s ,  t h e  

n u m e r i c a l  i n t e g r a t i o n  i s  per formed u s i n g  a  s t a n d a r d  f o u r t h  

o r d e r  f i x e d  s t e p  Runge K u t t a  i n t e g r a t i o n  r o u t i n e ,  While  more 

e l a b o r a t e  i n t e g r a t i o n  schemes such  a s  v a r i a b l e  s t e p  Runge-Kutta 

o r  p r e d i c t o r - c o r r e c t o r  t e c h n i q u e s  c o u l d  be  u s e d ,  i t  was found 

t h a t  t h e  a c c u r a c y  p r o v i d e d  by s u c h  schemes was n o t  n e c e s s a r y .  



Since  on ly  t h r e e  boundary cond i t i ons  a r e  known at each  end,  

i t  is  neces sa ry  t o  assume t h r e e  a d d i t i o n a l  c o n d i t i o n s  be fo re  

t h e  numerical  i n t e g r a t i o n  can be performed,  For t h i s  a n a l y s i s  

t h e  i n t e g r a t i o n  proceeds  from t h e  c a n t i l e v e r e d  end where t h e  

s l o p e  and two d e f l e c t i o n s  a r e  zero .  The nonspec i f i ed  i n i t i a l  

v a l u e s ,  bending moment, t e n s i o n ,  and s h e a r  a r e  assumed, t h e  

i n t e g r a t i o n  i s  p erformed, and t h e  t e rmina l  (boundary) c o n d i t i o n s  

a t  t h e  f r e e  end a r e  c a l c u l a t e d ,  The i n i t i a l  d a t a  i s  then  

i t e r a t i v e l y  a d j u s t e d  so  t h a t  t h e  s o l u t i o n  t o  t h e  i n i t i a l  va lue  

problem s a t i s f i e s  t he  boundary condi. t ions of  zero  moment, t e n -  

s i o n ,  and s h e a r  a t  t he  ( t e rmina l )  f r e e  end,  

For t h i s  a n a l y s i s ,  t h e  i n i t i a l  d a t a  i s  i t e r a t i v e l y  ad -  

j u s t e d  by s o l v i n g  t h e  v a r i a t i o n a l  equa t ions  of t h e  o r i g i n a l  
I 

d i f f e r e n t i a l  equa t ions  i n  con junc t ion  w i t h  Newtons method. 

This  b a s i c  procedure  i s  s i m i l a r  t o  t h a t  which has been b r i e f l y  

o u t l i n e d  i n  r e f e r e n c e s  (1) and (2) f o r  one dependent v a r i a b l e .  

For completeness ,  t h e  d e t a i l s  of t h e  procedure  a r e  now o u t l i n e d  

f o r  t h e  genera l  c a se  of  M d i f f e r e n t i a l  equa t ions  w i t h  M depen- 

dent  v a r i a b l e s .  The r e s u l t s  a r e  t hen  a p p l i e d  t o  t h e  p a r t i c u l a r  

s e t  of equa t ions  ( 8 )  and (10) .  

Consider t h e  s e t  of coupled n o n l i n e a r  f i r s t  o rde r  d i f f e r -  
1 

e n t i a l  equa t ions  d e f i n e d  by Y i  = f i  ( x ,  Y i ) ,  - i = l , M  w i th  s o l u -  

t i o n s  Yi  = Y. (x ,  Ai)  where t he  Ai (Ai = Y(0))  a r e  t h e  M i n i t i a l  
1 

c o n d i t i o n s .  I f  t h e s e  M i n i t i a l  cond i t i ons  were known, t h e  

equa t ions  could be so lved  by d i r e c t  numerical  i n t e g r a t i o n .  How- 

e v e r ,  f o r  t h e  gene ra l  n o n l i n e a r  two p o i n t  boundary va lue  p ro -  

blem, K of  t h e s e  M i n i t i a l  c o n d i t i o n s  a r e  unknown ( K  < M) s o  



t h a t  t o  o b t a i n  a  s o l u t i o n  by i n t e g r a t i o n ,  K v a l u e s  must be 

assumed f o r  t h e  unknown i n i t i a l  c o n d i t i o n s .  I f  t h e  i n t e g r a t i o n  

p roceeds  from l e f t  t o  r i g h t  t h e  r e s u l t i n g  s o l u t i o n  w i l l  n o t  

i n  g e n e r a l  s a t i s f y  t h e  boundary c o n d i t i o n s  on t h e  r i g h t  end ,  

Thus t h e  K i n i t i a l  v a l u e s  must be c o r r e c t e d  and t h e  e q u a t i o n s  

a g a i n  s o l v e d  u n t i l  t h e  K i n i t i a l  v a l u e s  r e s u l t  i n  c o r r e c t  

boundary v a l u e s  a t  t h e  t e r m i n a l  p o i n t .  A s y s t e m a t i c  p rocedure  

f o r  o b t a i n i n g  t h e s e  i t e r a t e s  i s  a s  f o l l o w s .  

Form t h e  fo l l owing  f u n c t i o n s  w i t h  t h e  dependent  v a r i a b l e s  

t h a t  a r e  unknown a t  x = 0 b u t  which a t  x - b a r e  known, i . e ,  

where t h e  Pi a r e  t h e  known v a l u e s  of  Y i ( i  = l ,K)  a t  x = b .  

I t  i s  obvious t h a t  i f  t h e  A1, . . .  AK a r e  t h e  c o r r e c t  i n i t i a l  

v a l u e s  then  t h e  f u n c t i o n s  d e f i n e d  by equa t i ons  (12) a r e  z e r o .  

Now approximate t h e s e  f i  by t h e  l i n e a r  p a r t s  o f  t h e i r  Tay lo r  

s e r i e s  i n  t h e  neighborhood of Ai where Ai d eno t e s  t h e  
n- 1 n - 1  

approximate i n i t i a l  v a l u e s  



and i = 1, K ,  S ince ,  by d e f i n i t i o n  t h e  l e f t  s i d e s  of  equa t ions  

(13) a r e  zero  a t  Ai = Ai (where A , denotes  t h e  c o r r e c t  i n i -  
n  in 

t i a l  v a l u e s ) ,  t hey  can be r e w r i t t e n  i n  t h e  form 

wi th  j = 1, K and q  = l , M ,  The { I denote  column m a t r i c e s  and 
F-- 

t h e  L denote  square  m a t r i c e s .  The C ma t r ix  i n  equa t ions  ( 1 4 1 ,  

eva lua t ed  a t  x  = b ,  i s  de f ined  from 2quat ions  (13) a s  

Thus i f  i n i t i a l  v a l u e s  Ai a r e  assumed s o  t h a t  t h e  C and f  
n- 1 

ma t r ix  can be e v a l u a t e d ,  equa t ions  ( 1 4 )  can be used t o  c a l c u l a t e  

a  c o r r e c t e d  o r  improved s e t  of t h e  i n i t i a l .  va lues  Ai . The 
n 

problem now remains t o  determine t h e  elements of t h e  C m a t r i x ,  

For t h i s  a n a l y s i s ,  t h e s e  elements a r e  determined by d e r i v i n g  

and s o l v i n g  t h e  v a r i a t i o n a l  equa t ions  o f  t he  o r i g i n a l  f i r s t  

o rde r  equa t ions .  The v a r i a t i o n a l  equa t ions  a r e  d e r i v e d  a s  
t 

fo l l ows :  Let Yi(xp A1, .. . A ) denote  s o l u t i o n s  of Yi  = f i (x ,Y i ) .  K 

Also,  l e t  Z i j  (x ,  A l p  . .  . AK) denote  p a r t i a l  d e r i v a t i v e s  o f  

Yi(x9 A1, . . . AK) r e l a t i v e  t o  A19 A 2 ,  . . . A K $  i . e .  



From equa t ions  (16) the  d e r i v a t i v e s  of Z i j  w i t h  r e s p e c t  t o  

x a r e  

By making use  of  equa t ions  (16), equa t ions  (17) can be w r i t t e n  

i n  t h e  compact form 

Equat ions  (18) a r e  t h e  v a r i a t i o n a l  equa t ions  of  Yi(x,  

A1, ... AK) wi th  t h e  i n i t i a l  cond i t i ons  

where rSij i s  t h e  Kronecker d e l t a .  Now wi th  s o l u t i o n s  

Z .  .(x, Ai), t h e  elements i n  the C ma t r ix  become j u s t  
1 J 

Thus, wi th  C i j  known, t h e  r i g h t  hand s i d e  of equa t ions  (14) 

can be eva lua t ed  s o  t h a t  the  next  s e t  of i n i t i a l  va lues  Ai 

can be c a l c u l a t e d ,  This  procedure  i s  r epea t ed  u n t i l  convergence 



t o  c o r r e c t  i n i t i a l  va lues  a r e  ob ta ined .  

I n  summary, t h e  s t e p  by s t e p  procedure  fox  t h e  s o l u t i o n  

of the  non l inea r  t w o  p o i n t  boundary v a l u e  problem us ing  t h e  

proposed a lgor i thm i s  as foblows: 

1, Assume a  s e t  of i n i z i a l  va lues  and soJve t h e  o r i -  

g i n a l  s e t  sf a o n l i ~ ~ e a r  diriereatlal equations using 

any o f  t h e  s t n ~ ? ~ a r J .  numerica l  i n t e g r a t i o n  schemes. 

2 .  W i t h  tlrese s o l u t i a r , s  kLaxl:. a t  a f i n i t e  number of  

p o i n t s  in ti-LC irr.t~ 1,ai G ~ x _ - > ,  .,ha elements i n  rhe  

Eiq mat r ix  a r e  def ined  ax t h e  same nurnbax of p o i n t s ,  

Now s o l v e  t h e  K s e c s  of d i f f e r e n t i a l  equa t ions  

(19) with i n i t i a l  vzlues z s  per equa t ion  ( 2 0 ) ,  

3 .  With t h e s e  s o l u t i o n s  known, ike elements  E i j  a r e  

de f ined  such t h a t t h e  r i g h t  hand s i a e  0 3  e q i ~ a t i o n s  

( 1 4 )  can be eva lua t ed  f o r  t h e  new set sf i n i t i a l  

va lues  A. .. 
1 

4 .  S teps  P through 3 a r e  repea ted  u n t i l  d e s i r e d  con- 
\ 

vergence t o  t h e  c o r r e c t  i n i t i a l  v:ilues are ob t a ined .  

A p p l i c a t i c a  t o  e q u a t i o n s  ( 8 )  and ( L O ) .  To a p p l y  t h e  
\ 

r e s u l t s  of t h e  pxevious s e c t i o n  t o  t h e  s o l u t i o n  of equa t ions  

(8)  and (103, d e f i n e  t he  fundamenta l  v a r l ~ b l e s  as fo l l ows :  



Then t h e  d i f f e r e n t i a l  equa t ions  ( 8  ) can be w r i t t e n  

f 

Y ( 2 )  =- Y ( 3 )  - F~ s i n  (a  + ~ ( 4 ) )  + p cos ( a  + ~ ( 4 ) )  E I  

Y 1 ( 3 )  = 
Y ( 1 )  Y ( 2 )  

E I  + Fc cos  ( a  + Y ( 4 ) )  + p s i n  (a + Y ( 4 ) )  

~ ' ( 5 )  = - cos ( Y ( 4 ) )  

c e  --? 

and Fc = B L - Y ( 5 )  sincl +- Y ( 6 )  cos d ,  B = mu2 wi th  boundary 

c o n d i t i o n s  

From equa t ions  ( 2 2 ) ,  t h e  nonzero c o e f f i c i e n t s  of E a r e  
i q  

-p  s i n  ( a  + Y ( 4 ) )  



- 
- = B s i n a  sin (a + Y ( 4 ) )  

E26 = 
('1 = - B cos a sin (a + ~ ( 4 ) )  

E34 
f = - Fc s i n  (a  + Y(4)) + p cos (a + Y(4)) 

- 
E35 - 

a 
( 3 )  =--B sin a cos (a + Y ( 4 ) )  

E36 
- - a y 1 ( 3 )  = B cos a cos (a + ~ ( 4 ) )  

t 

- ( 5 )  = sin ( ~ ( 4 ) )  E54  - 3-TpIJ- 

- = cos (Y ( 4 ) )  
E64 - 

so t h a t  equations ( 1 8 )  become 

(25) 



E q u a t i o n s  ( 2 2 1 ,  ( 2 4 ) ,  and ( 2 5 )  have been  programmed on 

a  d i g i t a l  computer and s o l u t i o n s  o b t a i n e d  Cox v a r i o u s  s l e n d e r  

rod e o n f i g u r a t n ~ n s ~  A d ~ s c u s s i o n  o f  t h e . r e s u l t s  o b t a i n e d  

a r e  p r e s e n t e d  i n  t h e  n e x t  s e c t i o n ,  

Disckssion of R e s u l t s  

Numerical  r e s u l t s  a r e  p r e s e n t e d  i n  t h i s  s e c t i o n  f o r  t h e  

c a n t i l e v e r  rod  r o t z z i n g  abou t  t h e  v e r t l c a l  a t  a c o n s t a n t  

a n g u l a r  v e l o c i t y  I n  a g r a v i t y  f r e e  (p = 0 )  env i ronment ,  I n  

T a b l e  111-1, nondimensioi:al v a l u e s  o f  moment, t e n s i o n ,  and s h e a r  

a t  t h e  f i x e d  end a r e  tabulated a s  f u n c t i o n s  o f  a nond imens iona l  

" f requency"  p a r a m e t e r  ~ L \ ? / E I  f o r  v a r i o u s  v s l u e s  o f  a .  With 

t h e s e  c a l c u l a t e d  i n i t i a l  v a l u e s ,  and w i t h  che  k n o m  i n i t i a l  

v a l u e s  of  zerG d s f i e c t i o - , ,  >-ope  ~ n d  centx;f~gal f o r c e  a t  t h e  

f i x e d  e n d ,  e q u a t i o n s  ( 2 2 ,  can ;e i n z e ~ i - a z c d  L ~ x e c $ Z y  u s i n g  any 

of t h e  a v a i l a b l e  i n t e g r a t i o n  s .c lbrout ines ,  A l s o ,  f o r  c o m p l e t e -  

n e s s ,  t h e  v a l u e s  01 s l o p e ,  deflections, and c e n t r i f u g a l  f o r c e  

a t  t h e  f r e e  end  a re  p l o t t e d  in F i g u r e  I I I - 2 ,  A s  can be s e e n ,  f o r  

any g i v e n  r o d  geomet ry ,  t h e  d e f l e c t i o n s  and s l o p e  become l a r g e r  

as t h e  a n g u l a r  v e l o c l t y  i s  i n c r e a s e d ,  t h e  l i m i t i n g  v a l u e s  

o c c u r r i n g  as @+a approaches  9 0 ' "  

For low v a l u e s  o f  rnL4w"JEI, t h e  g e n e r a l i z e d  f o r c e s  a t  t h e  

f i x e d  end  and t h e  g e n e r a l i z e d  d i s p l a c e m e n t s  a t  t h e  f r e e  end 

a r e  i n  good agreement  w i t h  t h o s e  o b t a i n e d  by l i n e a r  t h e o r y ,  

However, f o r  v a l u e s  of ~ I L  4 ~ 2 / ~ ~  > 5 ,  t h e  r e s u l t s  o b t a i n e d  between 

t h e  l i n e a r  and n o n l i n e a r  t h e o r y  b e g l n  t o  d i v e r g e ,  For  t h e  

maximum v a l u e s  p r e s e n t e d  ( ~ L ~ w ~ / E I  = 5 5 . 6 6 )  t h e  d i f f e r e n c e s  



between l i n e a r  and n o n l i n e a r  t h e o r y  d i f f e r  by- a s  much a s  

s e v e r a l  hundred p e r c e n t ,  

The v a l i d i t y  of t h e  n u m e r i c a l  r e s u l t s  p r e s e n t e d  h e r e  

were s u b s t a n t i a t e d  by c a r e f u l l y  c o n t r o l l e d  exper imen t s .  (The 

c h a p t e r  on t h e  e x p e r i m e n t a l  p rocedure  and t h e  r e s u l t s  o b t a i n e d  

i s  i n c l u d e d  i n  t h i s  r e p o r t ) ,  The d i f f e r e n c e s  between t h e  

e x p e r i m e n t a l  v a l u e s  and t h o s e  o b t a i n e d  n u m e r i c a l l y  were 

u s u a l l y  no g r e a t e r  t h a n  f i v e  p e r c e n t ,  even when t h e  t i p  d e f l e c  

t i o n s  were a s  much a s  80  p e r c e n t  of  t h e  Length of  t h e  r o d ,  



111-1, Ssh i ed ,  F ,  : Numerical Analysis, (Schaums Outline Series) , 
McGraw Hill Book Company, 1968. 

1 1 1 - 2  I s a a c s o n ,  E .  and Keller, H .  B , :  Analysis o f  Numer ica l  
Methods, John Wiley 6 Sons, New York,  1966. 



Figure 111-la 

Figure 111-lb 





Figure  111-2b, Variation i n  t i p  dcflecti ;on with zngu.lar velocity 
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T a b l e  111-laA V a r i a t i o n  of  Fixed End Tension wi th  Angular  V e l o c i t y  

Moment (ML/EL) 

Tab l e  111-lb. V a r i a t i o n  o f  F ixed End Bending Moment With Angular V e l o c i t y  



The complete expansions of equa t ions  ( l l ?  as used i n  t h i s  a n a l y s i s  

a r e  

* 2 r c  
I- 

( - 3  l l !  7- 

8 (5) = a:3) -t- 58 (c; ...---. 0 (0) + 2- 0 f o ]  J+ 2.- 91"(0) + 
2 ! 3 Y 4 1 

where 5 = L-s and Arabic  numericais  a re  used t o  i n d i c a t e  d e r i -  

v a t i v e s  of  0 (0)  and Fc(0) h ighe r  t han  t he  f o u r t h .  

By s u c c e s s i v e  d i f f e r e n t i a t i o n  o f  t h e  equa t ions  

it i s  s een  t h a t  t h e  t e n t h  d e r i v a t i v e  of 0(0)  wi th  r e s p e c t  t o  

s can be w r i t t e n  as 



s o  t h a t  terms up t o  t h e  e i g h t h  derivative of  Q are needed.  

The corresponding nonzero d e r i v a t i v e s  of 0 ( 0 )  and F, ( 0 )  

a r e  t h e s e  l i s t e d  as fo l l ows ,  Note . t h a t  Lt i s  neces sa ry  t h a t  

t he  sequence of d i f f e r e n t i a t i o n  be c a r r i e d  ou t  a s  shown i n  o r d e r  

t h a t  t he  succeeding terms in the  sequence axe d e f i m d  as func-  

t i o n s  o f .  the prev ious  t e rms ,  

1 

Q ( 0 )  = - p  sing - F c ( 0 )  cos 6  
I 

F c ( 0 )  =-%2  s i n  B 
1 

T ( 0 )  = - p cosg + F c ( 0 )  sing 
I t  1 

Q ( 0 )  = - F c ( 0 )  cos g 
1 1  r 

T ( 0 )  = F c ( 0 )  s i n  B 
v 

~ ' ~ ( 0 )  = Q 9  ( 0 )  ( 3 ~ '  ( 0 )  - PCOSB + F C ( 0 )  s i n  @ ) / B  

T I v  ( 0 )  = ( - 3 ~ '  ( 0 )  + p  s ing + ~ ~ ( 0 )  cos 6 )  Q ( o ) / B  
D 

1v 0 

F ( 0 )  = - m2 Q ( 0 )  eos @ / B  (A4 1 
5 1 I I ! 

T  ( 0 )  = ( - 1 0 9  ( 0 )  Q"(0) + p  Q ( 0 )  s l n g  + 3 F ; ( O )  Q (0 )  cosg 

+ ~ ~ ( 0 )  ~ ' ' ( 0 )  cos @ ) / B  +- F:' s l na  
1 I I I 1 1  

~ ' ( 0 )  = (4 T (0) 12 (3 +- 6 T u ( 0 )  Q (0) -& Q (0) ( - p  COSB + F C ( 0 )  s i n  6 )  

2 
+= 1 0  Q (01 (p  s i n g  + ~ ~ ( 0 )  Cosg ) / B + F ~ ( o )  Q r V ( ~ )  s i n  B)/B 



+ Z F '  ( 0 )  Q " ~ ( O )  cos B + F,(o) Q '  ( 0 )  ~"(0) cos  2 
C 

+ 3 5 ~ " ( 0 )  Q '  ( 0 )  s i n  B / B  + 7 F ~ ( o )  QIYo) s i n  @ / B  
C 

5 
+ F,(O) ~ ' ( 0 )  s i n  B/B - F:(o) C ~ S @ + Q T  ( 0 )  Q' (O)/B 

9 
Pc(0)  = - mu2 (Q6 (0) cos$ - 35Q" (012 s i n  $ / B ) / B  

pi:(*) = mu2 ( - ~ ' ( 0 )  coo B+ 8 4  Q ' ( 0 )  Q ' ~ [ O )  s i n  B/B 

F:' n u 2 / ~  ( -  Q8 ( 0 )  cosg + 36~'(0) Q' ( 0 )  s i n  B/B 

+ a4q5(o) ~ ' ( 0 )  sin B / B  + 210  ~ " ( 0 )  ~"(0) s i n  BIB 

+ 2100  Q' (0) '  Q" (0) cos 8 / ~ 2  

T h e r e f o r e ,  w i x h  the weight p e r  unit l e n g t h  (pJ , mass p e r  

u n i t  l e n g t h  m ,  ang le .  of  i n c l i n a t i o n  ( a ) ,  and bending s t i f f n e s s  

(B) de f ined  a l l  terms i n  equation (A4),  and hence in equa t ions  

(Al )  can be c a l c u l a t e d  



CHAPTER IV 

VIBRATIONS OF RODS SUBJECTED TO GY$OSCOPIC MOTION 

Summarv 

A s e t  o f  d i f f e r e n t i a l  e q u a t i o n s  and boundary  c o n d i t i o n s  
a r e  d e r i v e d  govern ing  the  small a m p l i t u d e  v i b r a t i o n  b e h a v i o r  
o f  l o n g  s l e n d e r  rods  and p r e s s u r i z e d  =cubes abou t  2 l a r g e  
d e f l e c t i o n  e q u i i i b r i u m  s t a x e e x  P a r t i c u l a r  r e s u l t s  a r e  ob- 
t a i n e d  n u m e r i c a l l y  f o r  n a t u r a l  f r e q u e n c ~ e s  and mado s h a p e s  of 
a c a n t . i l e v e r  r o d  i n c l i n e d  t o ,  and r o t a t e d  abou t  t h e  v e r t i c a l  
a t  a c c o s t a n t  a n g u l a r  . v e l o c s t y  

IV-A I n c r o d u e t a o n  

The s m a l l  a m p l i t u d e  v k b r a t ~ o n  analysis o f  s l e n d e r  r o d s  

and p r e s s u r i z e d  t u b e s  about large cz-ilf : k . ec t i~n  ( n o n l i n e a r  ) 

eql ;s l rbr  aurn s t a t e s  have received i - t z t l e  a t c e n t i o n  i n  t h e  l i t e r -  

ature, T h i s  i s  due mainly  t o  t h e  f a c t  t h a t  an a c c u r a t e  d e -  

cz r ip ' c ion  o f  a  n o n l i n e a r  e q u i l i b r i u m  s t a t e  i s  d i f f i c u l t  to ~ b -  

t a i n ,  and even  i f  known, i n t r o d u c e s  c o m p l i c a t e d  v a r i a b l e  c o -  

e f f  iclents i n  t h e  Linear d i f E e r e n t ~ a l  [ \ r i b r a t i o n )  e q u a t i o n s  

whish  makes s o l u t ~ o n  by ~urneriea.1 methods mandatory.  

The p r e v i . ; a ~ u ~  c11apte-r ~ 1 2 s  conce rned  w i t h  t h e  development  

of an e f f i c l e r a ~  niamerical _ . ; o l ~ ~ * ~ - i r ~  f o r  ?he normlipear e n u i l i b -  

ri 1 1 7  
- 

3. - 7 t i - -  , o i ~ ,  : . - I  l7s.d z o  and 

- r o t a t e d  3-30- , le ~ y e r t - ~ r , z i  at a cons t an t  angula r  v e l o c i t y .  

The pmrpost: o f  ~ k ~ s  rhapze-r i:? LC, deveLop and  s o l v e  t h e  

e q u t i t ~ ~ n . ~  goiiiernlng zhe sma l l  z:n-o%itude v i b r s t i o n  b e h a v i o r  

* "r ,-3 -9 , i J L e  G n  oqui2ibriu~ s t a t e  naans a steady s%z to  a o t i o s  or a 
seeaby dynamic oquiifbrium staes,  



The s m a l l  d e f l e c t i o n ,  l l n e a r  v i b r a t i o n  e q u a t i o n s  a r e  

d e r i v e d  by a  p e r t u r b a t i o n  a n a l y s i s  o f  t h e  g e n e r a l  n o n l i n e a r  

e q u a t i o n s  p r e s e n t e d  i n  ( I V - l ) ,  Ths r e s u l t s n g  e q u a t i o n s  a r e  

s o l v e d  by t h e  method o f  f ~ n n t e  d i f f e r e n c e s  s i m i l a r  t o  t h a t  

p r e s e n t e d  i n  ( I V - 2 )  and u s e d  e x t e n s i v e l y  by t h e  a u t h o r  i n  

( IV-3 )  w i t h  e x c e l l e n t  r e s u l t s ,  For t h i s  a n a l y s i s ,  because  o f  

t ime c o n s i d e r a t i o n s ,  "out  of  p l a n e " ,  p e r t u r b e d  mot ion  i s  

n e g l e c t e d  s o  t h a t  t h e  r e s u l r l n g  s e x  of i n p l a n e  e q u a t i o n s  b e -  

comes a  s i x t h  o r d e r  s e t  o f  s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s  

w i t h  v a r i a b l e  c o e f f i c i e n t s  t h a t  a r e  f u n c t i o n s  o f  t h e  n o n l i n e a r  

e q u i l ~ b r i u m  s t a t e ,  

The numezrcai r e s u l t s  o b t ~ ~ n e d  i n  t h i s  a n a l y s i s  a re  

v e r l f l c d  by csmpar lng  w l t h  t h e  experimental r e s u l t s ,  o b t a i n e d  

from t h e  e x p e r i m e n t a l  program c a r r i e d  o u t  Ln t h i s  s t u d y  and 

d i s c u s s e d  i n  d e t a l l  i n  Chapter  V n  

:V- 5 AnaLys 1s 

Ic ~ ~ 1 s  s e c t l o n ,  the a ~ ~ r e x e n t x a i  e q u a t i o n s  a r e  d e r i v e d  

l ~ h i c h  govern  t h e  small amplitude v l b r a t l o n a k  b e h a v i o r  abou t  

t h e  e q u i l r v r i u m  p o s i t i o n  o f  a  s l e n d e r  cantilever rod  ( o r  

p r e s s u r i z e d  Zube) i n c l i n e d  t o  and r o t a t i n g  a b o u t  t h e  v e r t i c a l  

a t  a  c o n s t a n t  a n g u l a r  v e l o c i t y ,  In  o r d e r  t h a t  t h i s  be accom- 

p l i s h e d ,  t h e  g e n e r a i i z e d  d e f l e c t i o n s  and i n t e r n a l  f o r c e s  i n  

t h e  v i b r a t i n g  r o d  a r e  assumed t o  be made up of ( a )  t h o s e  t e r m s  

a s s o c i a t e d  w i t h  an e q u i l i b r i u m  s t a t e  ( o r  s t e a d y  s t a t e  mot ion)  

and (b)  t h o s e  t e r m s  a s s o c i a t e d  w i t h  i n f i n i t e s i m a l  t ime dependen t  

perturbations a b o u t  t h i s  e q u i l i b r i u m  s t a t e ,  



The general  nonl inear  equat ions of mot.ion. fox a s l e n d e r  

rod a r e  taken d i r e c t l y  from. (IV-1) .and .in t h a t  no ta t ion  a r e  

dN 1 t - - 
'ds  N T * T I c  + X = O  

t 
where G and G a r e  t h e  bending moments, . H i s  the  t w i s t i n g  

1 
moment, and N . and .N . .and t h e  transvlbrse shea r s ,  These quan t i -  

t i e s  a r e  shown in . . the  .freebody in.-Figure I V - 2 .  In  comparison 
t 

wi th t h e  . n o t a t i o n  ..of . t h e  previous .chapter G and N a r e  

r e s p e c t i v e l y  M and ..Q i e -  , . t he  'IinpLanel!. .bending moment and 

t r ansverse .  s h e a r .  force ,  I f .  s h e a r .  deformation. i s . -neg lec ted ,  

t h e  moments a r e  r e l a t e d .  t o .  the  .curvatures::by - t h e  r e l a t i o q s  

w h e r e  B i s  the  bending s t i f f n e s s  and C . is.-the t w i s t i n g  

s t i f f n e s s .  

The equi l ibr ium. .s ta te ,  .denoted:-by.. a  subsc r ip t  zero,  f o r  

the  i n c l i n e d .  cant i levered. . rod.  r o t a t i n g  .at  a  .-constant angular  

v e l o c i t y  about the  v e x t i c a l  i s  .now. obtained--as a  s p e c i a l  case  

of equat ions (I) ,. In  p a r t i c u l a r ,  f o r .  t h i s  -steady s t a t e  c a s e ,  

the  ltout: of  planeu bending, t r ansverse  sheaz, and -cu rva tu re ,  
1 I 

G , N ,  K a r e  zero as  wel l  as  the .  t o r s i o n  H and t w i s t  r . 
Then equat ions (1) reduce t o  



where t h e  c u r v a t u r e  K~ = dB0 . E q u a t i o n s  ( 3 )  are i d e n t i c a l  

--YE- 
t o  e q u a t i o n s  ( 8 )  d e r i v e d  i n  t h e  Chap te r  111. 

Now t o  d e r i v e  t h e  l i n e a r  v i b r a t i o n  e q u a t i o n s  a b o u t  t h e  

e q u i l i b r i u m  s t a t e  dof ined  by erjua t i o i ~ s  ( 3 ) ,  t h e  te rms a p p e a r i n g  

i n  e q u a t i o n s  (1) a re  wi..i.-tten as  

T. = T ,C nrr 0 

14 = :I0 Ati 

where s u b s c r i p t  z e r o  t e rms  r e f e r  t o  the e q u i l i b r i u m  s t a t e  and  

t h e  i n c r e m e n t a l  v a l u e s  d c n o r e  i n f i n i t e s m a l  t ime  dependen t  p e r -  

t u r b a t i o n s  abou t  t h e  e q u i l i b r i u ~ n  s t a t e .  S u b s t i t u t i n g  e q u a t i o n s  

( 4 )  i n t o  e q u a t i o n s  (1) , sub  t r a c t i n g  o u t  t h e  e q u i l i b r i u m  s t a t e  

g i v e n  by e q u a t i o n s  ( 3 ) ,  and n e g l e c t i n g  products o f  t h e  p e r -  

t u r b a t i o n  t e r m s ,  t h e  l i n e a r i z e d  set  o f  v i b r a t i o n  e q u a t i o n s  

become 

d I 1 
-- ( A N )  - N O A ~  + T O A ~  d s 

+ - A X = ( )  



where 

and 



The l a s t  terms i n  each sf equa t ions  ( 5 )  ace  due t o  t h e  

change i n  t h e  app l i ed  e x t e r n a l  loads  du r ing  t h e  ,deformat ion of 

t h e  rod away from i t s  e q u i l i b r i u m  s t a t e ,  For t h i s  case  of t h e  

rod r o t a t i n g  about t h e  v e r t i c a l ,  t he  appLied . ex t e rna1  loads  

cons idered  he re  a r e  due t o  (a )  t h e  un i formly  d i s t r i b u t e d  weight  

of t h e  rod  i t s e l f  and (b) t h e  '"reverse e f f e c t i v e  fo rces1 '  due t o  

t h e  a c c e l e r a t i o n  of t h e  rod ,  

I f  r o t a r y  i n e r t i a  i s  neg l ec t ed  and. t h e r e .  a r e  no un i fo -mly  

d i s t r i b u t e d  couples  a l o n g  t h e  Zengih  o f  t h e  r o d ,  then  

The c o n t r i b u t i o n  of t h e  remaining a c c e l e r a t i o n a l  f o r c e s  

t o  A X ,  A Y ,  A Z  a re -now o b t a i n e d +  Consider t h e  i n e r t i a l  X Y Z  

cood ina t e  system .shown i n  F igure  I V -  1. In a d d i t i o n ,  a  body 

f i x e d  s e t  o f  a x i s  x, y ,  z a r e  o r i e n t e d  a s  shown i n  t h e  t a n -  

g e n t i a l ,  normal,  and binormal d i r e c t i o n  w i t h  r e s p e c t  t o  t h e  

deformed equ i l i b r ium s t a t e ,  For  s t e a d y  s t a t e  motion due t o  a  

c o n s t a n t  angu la r  v e l o c i t y  it i s  obvious . t h a t  the . .14accelera-  

t i o n a l  fo r ce"  i s  j u s t  

-f -f -+ 3 . = - m w x w x ~  a c c e l  

where 

4- -3- 
w = -jw s i n  ( a  + g o )  + z w  cos  (a + e O )  



Y9 

and R i s  %ha radius  v e c t o r  t o  t h e  o r i g i n  ~f t h e  body f i x e d  

coo rd ina t e  system i n  t h e  equilibriun slage;  I f  eqaaeion ( 9 )  i s  

expanded t h e  r e s u l t i n g  Eorce due t o  c h i s  cen$cLfwgal a c c e l e -  

r a t i o n  i s  t h e  same a s  c h a t  ob ta ined  i n  %he pcevions c h a p t e r ,  i . e , ,  

2: = Fc s i n  ( a  + €I0) 
'acce I 

where Fc i s  the  c e n t r i f u g a l  fo rce  vec tor  psrpendtcul .ar  t o  t h e  

a x i s  of r o t a t i o n  a11d is defined by equation ( 9 ) ,  

The a c c e l e r a t i o n  o f  p o i n t  0 away from %he equ i l i b r ium s t a t e  

can be w r i t t e n  as 

where 



and d o t s  over t h e  symbols indicate d i f f e r e a k i a t i o n  w i t h  

r e s p e c t  t o  t ime,  Note .$bat t h e  p e ~ t u ~ b a t i o n .  dispLacements ta, 

V ,  w a re  i n  t h e  b i n o m a l ,  nemaL; aad;'.tangan$iab. d i r e c t i o n s  

r e s p e c t i v e l y  w i t h  r e s p e c t  t o  the.-deformed: state:, Thus, t h e  

change i n  f o r c e s  in. the..x, y ,  z ,  dLsestions- date. .$o ,$he aece la -  

r a t i o n  a r e  ob t a ined  by subs6 i t lx tkng-  eqrxa t2~ns-  (2.2) i n t o  [ I 1  ), 

expanding and nau%kiplyiag t h e  aes.ra%rl;:by-lhe.na6s m, Then 

I n  a d d i t i o n  t o  t h e  a c s e f e r a t i s n a l  fo r ce s ,  t h e  applied 

e x t e r n a l  l o a d s  may a l s o  change d u r i n g - t h e  deformat ion of  t he  

rod away from i t s  e q u i l i b r i u m  s t a t e o  For  t h i s  a n a l y s i s  esn-  

s ider  t h e  rod  t o  b e  2caded u n i f o r m l y  by i t s  own weight., In  

t h e  equil ibr ium state, t he  components of  force due t o  the 

weight  p d s  of a d i f f e r e n r i a l  element d s  a t  p o i n t  0 areair% 

t h e  p o s i t i v e  r d~rection: 



i n  t h e  p o s i t i v e  y d i r e c t i o n  

Y - p s i n  ( a  c e O )  
Oweight 

v 
However, a s  p o i n t  0 moves t o  po in t  0 %he csmp~nents of f o r c e  

change to: 
Y 

i n  t h e  p o s i t i v e  z d i r e c t i o n  

v 
i n  t h e  p o s i t i v e  y d i r e c t i o n  

Y ' AYweigh t  = p s i n  (a  * O O  + A0) 
'weight 

where A 8  i s  t h e  inp lane  r o t a t i a n  o f  t h e  a x i s  system xyz with 
V Y V  

r e s p e c t  to x y z , t h e  l a t e r  b e i n g  t a n g c n z  and normal t o  t h e  
v 

p e r t u r b e d  csnfiguration a t  0 , Expanding e q u a t i o n  (15), assuming 

A0 smal l  compared t o  u n i t y ,  and s u b t r a c t i n g  o u t  t he  i d e n t i t i e s  

(14), t h e  n e t  change i n  t h e  e x t e r n a l  loads  due t o  t h e  d e f o r -  

mat ion  of t h e  r o d  away from equ i l i b r ium becomes 

"weight = 0 

A Z w e i g h t  = pAB s i n ( a  + 0 0 )  

A'f weight = pA6 C O S ( G  + El0) 



where 

Now s u b s t i t u t i n g  e q u a t i ~ n s  ( 8 3 ,  (13),+and (16)  i n t o  

equa t i ons  ( 5 )  , w e  obtai .9 .$;ha 1in.aazized u.iba;a%isn e q u a t i o n s  

f o r  t h e  rod.  

d v v 00 

( A N )  - N@T + T o A ~  - m. LI - uu12 -0) ( Q ~ i n ( a  + BO) + 

v 
(AN ) - r 0 5 T  - T 0 h r  + pA0 c o s ( a  + o O )  - m - u2 c o s  (a + 0 0 )  ( az 

P P 
"" 

(AT) + r O h N  i3-F * N Ar + pAG s i n ( a  + 0 0 )  - rn W - w 2  6ill(a + g o ) (  
0 

w s i n ( @  + O O )  + v cos (a -+ Q O ) )  + W; s i n ( a  + O 0  = 0 

v 
(AG ) - r O A H  + G O A ~  + A N  = 0 TZ 

d v P 

(AH) - G @ K  * K ~ A G  = O 



M o k h g  use of equa t ions  ( 2 )  and ( 7 )  in equations. (18) t h e s e  

r e s u l t s ,  f o r  a   ad. af  . c a n s t a n t  .czoss s e c t i o n ,  

o r  s i n c e  the  t w i s t i n g  s t i f f n e s s  C . is  no t  ze ro  

( A T )  - 3 -> A T  = cons t an t  

However, f o r  t h e  case b e i n g  i n v e s t i g a t e d ,  .it i s  obvious t h a t  t h e  

change i n  t w i s t  a% t h e  f r e e  s n d . i s  . z e ~ o  .an& thus  by equa t ion  

( 2 0 )  , t h e  change En t w i s t  i s  . i d e n t i c a l l y  &sera. throughout t h e  

l e n g t h  of  t h e  r o d ,  

In  a s imilar  manner subs tL tu t%ng-equa t ions  ( 2 )  and ( 7 )  

i n t o  t h e  f i f t h  squatiaa o f  equa t ions  (18).  y i e l d s  . t h e  fo l lowing  

relation-betwesen &h9 o f  planeq? shear and bending moment 

I t  should be n o t i c e d  t h a t  $his.-same zesu l%. - i s  .ob ta ined  i f  

equa t ion  ( 2 9 )  i s  s u b s t i t u t e d  i n t o  the :E i f th  equa t ion  of  equa- 

t i o n s  ( 9 8 ) ,  

Wow u s i n g  squations ( 2 0 ) ,  (21) and t h e  f o u r t h  equa t ion  

of equations (18) i n  t h e  f krst . t h r e e  . equa t ions  of equa t ions  

( 1 8 1 ,  we o b t a i n  



m - w2cos (a + 00) ( w s i n  ( a  + eO) + v cos (a + eO)) + 

w; c o s  ( a  + e o  

Equat ions  (6 )  , . ( 7 )  , ( 2 2 4  and the .boundary c o n d i t i o n s  

0 0 

and a t  s = L A G  = A6 = AN - AN =I AT = 8 

c o n s t i t u t e  a  w e l l  de f ined  e igenva lue  problem for t h e  

i n f i n i t e s m a l  v i b r a t i o n s  of  a t h i n  c a n t i l e v e r  rod i n c l i n e d  t o  

and r o t a t e d  about the  v e r t i c a E  a t  a c o n s t a n t  angular v e f o c i t y ,  



Because of cima l i m i t a t i o n s ,  it was necessaxy to restrict 

attention only do the vsinplanesl  vibration equations, These 

ass obtained direct%y from equations [ Z Z j  ;by .neglecting the 

out of plane perturbation displacsaent a, The resulting set 

of equations to be so lved  are 

v 

d d N o  d. v (AG). .e: TZ- (AT) + IT-- 
G o  AG - p sin(or * 00) ( -  aS- * W )  

subject to the boundary conditions 

at s - 0  v = w = b e = 0  



Since  

equa t ions  ( 2 3 )  a r e  ga r t i a2  d i f f e r e n t t a f  equa t ions  and t h e  

s o l u t i o n ,  i n  g e n e r a l , - c a n  on9y.be achieved by- numerical  t e c h -  

n iques ,  t h e  procedure  sf 4EV-.2) i s  adopted where- the  degen- 

denee on time i s  eEimina ted .by  assuming sirap-le-harmonic motion 

and in t roduc ing  G as  an a d d i t i o n a l  unknown ... . This  procedure  

y i e l d s  a  s e t  sf t h r e e  coupled secondcorder  : d i f f e r e n t i a h  

equa t ions  w i th  variablie c o e f f i c i e n t s  claat are  f lenetians of t h e  

equ i l i b r ium s t a t e ,  Thus, . s u ' b s t i t u t i n n g  t h e  t h i r d  - equa t i on  of 

equations (233 . i n t o  t h e  f i r s t  . a n d .  second equa. t ions of  equa t ions  

( 2 3 )  and asswing  t h e  . s imple  harmonic a o t i o n  .def ined  by 

t h e  governing equa t ions  o f  motion became 



The Past e q u a t i o ~  of equa t ions  ( 2 6 )  i s  t h e  e q u a t i o n  f o r  t h e  

moment 86  i n  terms o f  t h e  d i s p l a c e m e n t s ,  The s u b s c r i p t e d  

c o e f f i c i e n t s  i n  equations (26)  a re  d e f i n e d  a s  

AL PcQs (a * e 0 j  A2 = p s i n  (a + e u j  

I n  a s i m i l a r  manner, t h e  b o u n d a ~ y  conditions (eqns, 24) 

can be written as 



where the  nonzero coef l i c i e d t s  a r e  

Numerical procedure. The numerical procedure f o r  t h e  

s o l u t i o n  of equat ions ( 2 6 )  i s  as  fol lows.  The length of t h e  

rod i s  d i v i d e d . i n t o  .equal increments and .a t h r e a , p o i n t  c e n t r a l  

d i f f e rence  f o r d u 1 a . i ~  used t o  seduce the  d i f f e r e n t i a l  equat ions 

t o  a lgebra ic  form. The t h r e e  po in t  difference formulas a t  the  

ith station a r e  

where A is  t h e  length  of the  i n t e r v a l  si - si - and primes 

now denote d i f f e r e n t i a t i o n . w i t h  r e spec t  t o  s,  Now def ine  the  

vec to r  Z a s  



so t h a t  equa t ions  [,26) may be w r i t t e n  as 

where t he  Pi ,  G i ,  and Hi a r e  each 3 x 3 m a t r i c e s  d e f i n e d  a t  

each s t a t i o n  a long  t h e  rod .  

I n  a s i m i l a r  manner; i f  t h e  v e c t o r  N i s  d e f i n e d  as 

t h e  gene ra l  boundary condi t2ons  f o r  a rod can b e  w r i t t e n  a s  

where t h e  a i j  and B i j  a r e  each 3  x 3 m a t r i c e s  used  t o  s e l ec t  

t h e  p r e s c r i b e d  boundary cond2t ions6  Using t h e  %as& two of 

equa t ions  ( 2 3 )  t o g e t h e r  with equa t ions  (2.7) and the  f o u r t h  

equa t ion .  of equa t ions  (18) i n  ( 3 3 )  y i e l d s  the gene ra l  f h  

of t h e  boundary c o n d i t i o n s  from ( 3 4 1 ,  



For t h e  f ixed  f r e e  boundary condi t ions  given. by equations ( 2 4 )  

the nonzero c o e f f i c i e n t s  i n  a  and.^ ma&rices..at i = f and m a r e -  

Now applying equations (30)  t o  equat ions (323 and ( 3 5 ) ,  

t h e  governing equat ions become 

where 

The corresponding boundary condi t ions  are 



The off-bouddary p o i n t s  ZO and Zm + a r e  e l i m S m t e d  by sub- 

s t i t u t i n g  equa t ions  ( 3 7 )  i n t o  (39)  so  t h a t  the  b 

$;itions a r e  now w r i t t e n  in t h e . c o n v s n i e n t  fom 

where 

Equat ions  (37)  wx-itteh a t  i = 2 ,  m - h t o g e t h e r  with 

equa t ions  ( 40 )  form a complete set sf homogeneous f i e l d  e q u a t i o n s  

governing the  n a t u r a l  f r equenc i e s  o f  t h e  c a n t i % e v e r . r o d ,  A 

r ecu r s ion  formula f o r  the Z i  may be ob ta ined  f r o c t h e  equa t ion  



where Pi i s  a 3 x 3 matrix.  From equation (40 )  

and i n  genera l ,  from equat ion (37) 

Writing equa t i on  ( $ 4 )  at. a l l  p a i n t s  along the  rod, we have,  

a t i P m  

Therefore,  any value of f2 which s a t i s f i e s  equat ion 4 4 5 )  i s  a 

n a t u r a l  frequency of t he  system. These frequencies  can be 

found .by s e l e c t i n g .  success ive  values of u n t i l  the determinant 

of the  c o e f f i c i e n t s  .of Z .  m i n  equation (45)  vanish.  



Discuss ion.  s f  Resu l t s  

Na tu ra l  f r equenc i e s  and mode shapes  have been c a l c u % a t e d  

f o r  s e v e r a l  sod c o n f i g u r a t i o n s  u s ing  t h e  nume~ical t echn ique  

grevious3.y d i s cus sed .  The zesults ace  presenzed i n  Table  I V - 1 ,  

A l l  calculation a r e  f o r  a - c i r c u l a r  c r o s s  s e c t i o n  zod 34 i nches  

long w i t h  a Youngs modulus of 30110~ p s i  and spec i f i c  weight  
3 of 0,282 Bb/in, 

S e v e r a l  important  f a c t s  axe immediately apparent  from 

the  d a t a  p r e sen t ed  i n  t h e  t a b l e ,  F i r s t  i t . i s  seen t h a t  t h e  

n a t u r a l  f r equenc i e s  a r e  f u n c t i o n s  o f  t h e - a n g l e  o f  i n c l i n a t i o n  

of t h e  rod from $he vertical, I n  p a r t i c u l a r ,  $he f r e q u e n c i e s  

decrease  as t h e  rod i s  r o t a t e d  from t h e  h o r i z o n t a l - l o  t h e  v e r -  

t i c a l ,  t h i s  deccease being more p~onounced  as the  rod d i ame te r  

becomes s m a l l e r ,  i , e ,  , more f l e x i b l e ,  

Second, it i s  seen  &hat t h e  f r equenc i e s  are a l s o  f u n c t i o n s  

of  t h e  angular  ve loc iky  of the rod  abou t  t h e  v e r t i c a l .  For 

i n s t a n c e ,  f o r  t h e  r e l a t i v e l y  s t i f f  (0,096 i n  diam,) rod ,  t h e  

f requency i n c r e a s e s  on ly  1 cps i n  t h e  second mode when going 

from 20 t o  40 RPM, However f o r  t h e  more f l e x i b l e  (0.064 i n .  diam.) 

rod t h e  f requency i n c r e a s e s  i n  t h e  second mode from 2 2  t o  35 

cgs as t h e  RPM i s  i nc rea sed  from 20 t o  40  BPM, I n  g e n e r a l ,  

t he  more f Lexibfe the  rod ,  t h e  g r e a t x s  t h e  change i n  f requency 

w i t h  RPM f o r  any given mode, Likewise Eor rods of t h e  same 

f l e x i b i l i t y ,  t h e  f requency change w i t h  RPM decreases  w i t h  an  

increase i n  t h e  number of modes, 



TABLE I V - 1 .  Natural. Frequencies of Cantilever Rods 



F i n a l l y ,  i t  i s  n o t i c e d  tha t  t he  f r e q n e n c y - o f - t h e  ?rod i s  a 

f u n c t i o n  o f  i t s  w e i g h t ,  f o r  t h e  same f l e x i b i l i t y ,  T h i s  can be  

seen from the  f a c t  t h a t  f o r  t h e  0 , 0 6 4 .  i n .  d iameter  rod a t  

20  RPM, t h e  naGural frequency changes,  frorn.10- t o  2 2  cgs  , 
depending on.whe2her t h e  weight is 0s i s  not cons idered ,  

For t h e  t b r e e  ca se s  ment lsned,  t h e  fzequency changes w i t h  

i n c l i n a t i o n ,  RPM, and weight ,  can. be . a t t r i b u t e d - d i r e c t 1 y  t o  

t he  change i n  t h e  geometr ic  shape of  t h e  rod caused by t h e s e  

c o n d i t i o n s ,  I n  t h e  c l a s s i c a l  l i n e a r  theory  o f , v ib rac ;ons ,  i t  

i s  assumed "cat.  t he  v i b r a t i o n s  o f  t h e  r o d - o c c u r .  away from an 

undeformed ( s k r a i g h t  l i n e )  s i t a t e ,  However:' t h e  r e s u l t s  of  

t h i s  a n a l y s i s  show t h a t  i f  t h e  deformat ions  o f  t h e  r o d  i n  t h e  

equ i l i b r ium s t a t e  become s u f f i c i e n t l y  l a r g e ,  t h e  f r e q u e n c i e s  

can change markedly from t h a t  p r e d i c t e d  by cPassica1 theo ry .  

The d i v i d i n g  l i n e  between "small" and ' v s u f f i c i s n t % y  l a r g e s Y  

d e f o m a t i o n s  as regards  to t h e  e f f e c l  on the  f requency changes 

a re  n o t  well d e f i n e d  a t  t h i s  t ime.  However, i n d i c a t i o n s  a r e  

t h a t  t h e  s e n s i t i v i t y  o f  t h e  f requency t o  t h e  geometr ic  shape 

occurs  when t h e  deformat ions  of  t h e . e q u i l i b r i u m  s t a t e  a s  

g iven by P inea r  and n o n l i n e a r  t h e o r y - b e g i n  t o  d ive rge ,  T h i s  

s ta tement  i s  borne  o u t  i n  part.  by t h e  r e s u l t s - o b t a i n e d  f o r  
9 0 sv 

t he  0 . 0 6 4  and 0,096" rsd given i n  Tab le  I V - 1 ,  For t he  0 . 0 9 6  

rod t h e  d e f o m a t i o n s  a s  p r e d i c t e d  by l i n e a r  and n o n l i n e a r  

theory  are p r a c t i c a l l y -  t h e  same. f o r  t h e  given BPM load ing  and 

acco rd ing ly ,  t h e  frequency va lues  o b t a i n e d  u s i n g  t h e  more exac t  

theory  sf t h i s  a n a l y s i s  d i f f e r s  Zi tePe from t h e  classical sma l l  

defleceiow v i b r a t i o n  a n a i y s i s  where.  ehe change i n  geometr ic  shape 



p r i o r  ts v i b r a t i o n  i s  n e g l e c t e d ;  However, f o r  t h e  0 .064"  

rod,  t h e  deformat ions  as pzed ic t ed  by l i n e a r  and . non l  i n e a r  

theory  d i f f e r  by about ' 5 0 % .  and acco rd ing ly ,  t h e  va lues  of Q 

as c a l c u l a t e d  .with t h e  moss ,exact theory  of t h i s  a n a l y s i s  

d i f f e r s  s i g n i f i c a n t l y  in some c a s e s ,  w i t h s t h a t  obta ined by 

c l a s s i c a l  a n a l y s i s .  

Add i t i ona l  c a l c u l a t i o n s  were a l s o  made t o  t r y  t o  de te rmine  
9 v 

t h e  n a t u r a l  f r equenc i e s  of  a  0 , 0 3 2  d iameter  s o d  a n  o rde r  t o  

f u r t h e r  i s o l a t e  t h e  e f f e c t  of ~11s: e q u i . l i b r i u m - s t a t  cenlf igusat ion 

on t h e s e  n a t u r a l  f r equenc i e s  a Hovievex, i t  was kou~kd "clrau. f o r  

t h i s  c a s e ,  (and even f o r  some of  xhe case  p re sen t ed  i n  T a b l e  IV-1) 

and i n  gene ra l  f o r  any case where ehe, f r equenc i e s  change mark-  

ed ly  w i t h  geometr ic  shape ;  t h a t  t h e  v a l u e s  of the  c a l c u l a t e d  

aaeuraE f r equenc i e s  were extremely s e n s i t i v e  t o  t h e  d e s c r i p t i o n  

o f  t h e  equ i l i b r ium s t a c e =  I n  o t h e r  words,  when the  g e n e r a l i z e d  

i n t e r n a l  f o r c e s  and d e f l e c t i o n s  a r e  determined numer i ca l l y  f o r  

t he  equ i l i b r ium s t a t e ,  t h e  percen tage  d i f f e r e n c e  in ~ l l e  r e s u l t s  

ob ta ined  by u s i n g  say 34  o r  68 s t a t i o n s  a long t h e  l e n g t h  was 

n e g l i g i b l e ,  However, when t h e s e  r e s u l t s  were s u b s t i t u t e d  i n t o  t h e  

v i b r a t i o n  program, t h e  c a l c u l a t e d  va lues .  of t h e  n a t u r a l  f r e -  

quencies  could d i f f e r  markedly,  depending on t h e  f l e x i b i l i t y  

of  t h e  rod,  In  g e n e r a l ,  a s  t h e  rods become more and more 

f l e x i b l e ,  t h e  e f f e c t  of  t h e  e q u i l i b r i u a  c o n f i g u r a t i o n  on t h e  

f r equenc i e s  become more important  and thus ,  a very a c c u r a t e  

d e s c r i p t i o n  of t h i s  e q u i l i b r i u m -  c o n f i g u r a t i o n  is neces sa ry  
1 8  

t o  o b t a i n  r e l i a b l e  v a l u e s  of  f requency.  For t h e .  0 , 0 3 2  diameter 

rod ,  such accuracy could  n o t  be ob ta ined  on %he I%M 360-50 



with i r s  3 2  b i t  s ing2e  p r e c i s i o n  word and double  p r e c i s i o n  

c a l c u l a t i o n s  were no% nade, However, a f e w  runs  were made on 

the Univac 1108 and with i t s  36 bit s i n g l e  precision word, 

indications are that r e l i a b l e  s o l u t i s n s  cou ld  be  o b t a i n e d  w i t h -  

out Raving to.use double  precision, 
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CHAPTER V 

EXPERIMENTAL RESULTS 

Exper imentat ion was p e ~ f o r m c d  ~ 1 2  f5 c v i h l c  ~ o d s  q u h j  cc?:ed 
t o  gyroscopic  type  mot ion  ( p r e c e s s i o n )  , The cxperl .menta1 
s e t - u p  i s  d e s c r i b e d  and r e s u l t s  a r e  compared t o  a n a l y t i c n l  
r e s u l t s  d i s c u s s e d  i n  Cllaptcr I I i  '112c p r o l ~ l e ~ n s  e n c o u l z t c - ~ e d  i n  
f a b r i c a t i n g  and t e s t i n g  o f  i n f ? , , " c  ,\ yljur l i7:-s  I. ca~. ;cc t l ,  

V-SL F l e x 1  1 , l c .  !tods --- 
I t  was d e s i r e d  t o  experimerztal t y  v c r i  l y  " b ~ e  d c f  l e c - i i o t : ~  

a s s o c i a t e d  w i th  t h e  r o t a t i o n  of  t h e  f l e x i b l e  t h i n  r o d  as p r e -  

d i c t e d  by t h e  a n a l y t i c a l  method deve%oped i n  C h a p t e r  111. Ts 

accomplish t h i s ,  "clze exper imenta l  appa ra tu s  sho'i\riz i n  F i g r r n  VdB 

was designed and c o n s t r u c t e d ,  Several areas of t h e  d e s i g n  

were found t o  be c r i t i c a l  i n  o b t a i n i n g  accep t ab l e  d a t a ,  p r i .nc i -  

palPy due t o  t h e  extreme f l e x i b i l i t y  og the reds  t o  be t e s t e d .  

The second major source  of  d i f f i c u l t y  i n  t h e  exper imenral  p r o -  

cedure was t he  u n s t a b i l i z i n g  i n f luence  o f  t h e  c e n t r i f u g a l  f o r c e s  

genera ted  by r o t a t i o n  o f  t h e  r o d . a t  a d e v i a t e d  angle  from the  

v e r t i c a l .  

Due t o  %Re degree of f l e x i b i l i t y  of  t h e  r o d s ,  extreme c a r e  

had t o  be t a k e n  t o  a s s u r e  t h a t  t h e  angle  of  inc idence  was 

i n i t i a l l y  a c c u r a t e ,  and f u r t h e r ,  t h a t  the  ang le  d i d  no t  v a r y  

d u r i n g  t h e  t e s t i n g  p rocedureo  The f i r s t  area of concern was in 

t h e  specimen grip i t s e l f ,  I n i t i a l l y ,  a b i s e c t e d  rod g r i p  w i t h  

a m i l l e d  groove down t h e  c e n t e r  and a t ape red  th r ead - lock ing  
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device  was employed, T h i s  proved u n s a t i s f a c t o r y ,  iE xha t  t h e  

o rder  oB lock ing  the  seckaons e o g e t h s ~  tended t o  s h i f t  t h e  

a c t u a l  g r ipp ing  poinz on t h e  r o d ,  i n  e f f e c t  Lengtlleni~lg t h e  rod 

and consequent ly  producing e r ronesus  d e f l e c t i o n  d a t a .  A$mp 

t h i s  type g r i p  was t oo  heavy, and t h e  c e n t r i f u g a l  f o r c e s  genera ted  

i n  r o t a t i n g  t h e  dev ice  were p r o h i b i t i v e  wiLh r e g a r d  t o  a s t a b l e  

pEatforrmaefs-n'rm. Subsqenently,  a g r i p  was  developed employing chuck 

c o l l e t s  s i m i l a r  t o  t hose  used i n  , a  j ewe1e rqs  l a t h e ,  w i t h  a cap 

coves p rov id ing  the  f a r c e  t o  c l o s e  t h e  c u l l e t ,  T h i s  psaved t o  

be an e x c e l l e n t  method f o r  g r i p p i n g  t h e  r o d s ,  n o t  o n l y  Eram 

t h e  s t a n d p o i n t  s f - c o n s i s t e n t  a l ignment ,  b u t . a l s o  duc ts t h e  

faec  t h a t  many d i f f e r e n t  s i z e  rods c o u l d  be hand.bed i n  t h e  same 

g r i p  merely by ehanging e s l l e c s ,  Some care  had co be e x e r c i s e d  

i n  i n s t a l l i n g  t h e  rod.  i n  t h e  g r i p  t o  i n s u r e  a unifornnly t i g h t  

g r i p  ( i t  was found t h a t  d i f f e r e n c e s  in guepping f o r c e  produced 

minu te  ang le  changes which became s i g n i f  i c a ~ a t  as t i p  dcf1ec"cians) 

b a ~ t  w i t h  a minimm of  care,  $lais s y s  tern proved e n t i r e l y  s a c i s -  

fractary. The matter o f  corrstancy of a n g l e  d u r i n g  che t e s t i n g  

procedure  was so lved  by roughing t h e  s u r f a c e s  o f  t h e  j o i n i n g  

s e c t i o n s  a t  t h e  ang le  j o i n t  and -us ing  a very  e i g h t  l ock ing  screw, 

double n u t t e d  t o  p reven t  v i b r a t o r y  1oosening.  T h i s  proved s a t i s -  

f a c t o r y ,  even i n  r o t a x i o n  ranges where i n s t a b i l i t y  of t h e  rods ,  

occur red  s u b j e c t i n g  t h e  j o i n t  t o . r a t h e ~  seve re  Eoadings, 

Some p rob lems  were J e n ~ o u n t e ~ e & - d u e  t o  t h e  c e n t r i f u g a l  f o r c e s  

o f  t h e  r o t a t i n g  rod and g r i p  t end ing  t o  t w i s t  t h e  channel  s e c t i o n  

on which t h e  appa ra tu s  was mounted, T h i s  was e l imina t ed  by 

a d d i t i o n a l  b r a c i n g ,  These f o r c e s  a l s o  tended t o  Psree some wobble 



i n t o  t h e  system through f a r c e  on t h e  bear ing  r ace  f o r  t h e  d r i v e  

s h a f t ,  Th is  was el l iminalsd by i n s t a l l a t i o n . s f  a double  bea r ing  

block and prov id ing  t h e  d r i v e  f o r c e  through a gear  system r a t h e r  

than d i r e c t l y ,  f o r c i n g  t h e  d r i v e  s h a f t  i n t o  one p o s i t i o n ,  

In t a k i n g  the  d e f l e c t i o n  da ta , . ex t reme c a r e  was taken  t o  

i n s u r e  accuracy of t h e  ang le  o f  i nc idence*  The e n t i r e  system 

was l e v e l e d  w i t h i n  one f i f t i e t h  o f  a degree and t h e  i n i t i a l  

ang le  was a d j u s t e d  w i t h i n  one t e n t h  o f  a degree  u s i n g  a pre- 

c i s i o n  l e v e l  ins t rument  before each t c s t ,  'i'he: s t a t i c *  ~ ~ c , t l a c -  

t i o n  d a t a  cou ld  be taken by d i r e c t  o b s o r v a t i s n ;  uarEor~~una . te3 .y~  

however, t h e  same cannot be s a i d  g a r  che r o c n t i o n a l  d a t a ,  Con- 

s e q u e n t l y ,  a photographic  method was developed f o r  o b t a i n i n g  

t he  shape and deflection a f  xI1e roea t i .ng  r a d ,  A camera was 

s e t  up I ~ A  a p lane  p e r p e n d i c u l a r  xo and b i s e c t i n g  tlie pYarle i n  

wheeh the  deflection was to be measured, The alternative of 

c h ~ o s i n g  e i t h e r  exposure a x  i l l u m i n a t i o n  a t  a p r e s c r i b e d  t ime 

Nas r e so lved  by v i r t u e  o f  s i m p % i e i t y ,  T t  was found t o  b e  much 

l e s s  compl ica ted  zo i l l u m i n a t e  t h e  rod f o r  an extremely s h o r t  

d u r a t i o n  a t  a p r e s c r i b e d  i n s t a n t  t han  t o  t r i p  t he  camera s h u t t e r  

under c o n s t a n t  i l l u m i n a t i o n  a t  an i n s t a n t .  An e l e c t r o n i c  system 

war des igned which would t r i g g e r  an extremely s h o r t  d u r a t i o n ,  

h igh  i n t e n s i t y  f l a s h  on any d e s i r e d  r e v o l u t i o n  of t h e  sys tem,  

a t  t h e  exac t  i n s t a n t  t h a t  t h e  rod  was i n  t h e  d e s i r e d  p l ane ,  I t  

was t hen  only  necessary  t o  darken t h e  l a b o r a t o r y ,  open t h e  camera 

s h u t t e r ,  and s e l e c t  t h e  d e s i r e d  r e v o l u t i o n  of t h e  system t o  produce 

a photograph of t h e  d e f l e c t e d  rod a t  .any inc idence  ax~gPe and any 
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cons iderab ly '  l e s s  than 5 %  v a r i a t i o n  a t  t h e  maximum, a  f i g u r e  

cons idered  t o  be w e l l  w i t h i n  t h e  l i m i t s - o f  exper imenta l  e r r o r ,  

V - B  Inf 2atabl.e S t r u c t u r e s  
--- - -  - - -- - 

I t  was a l s o  d e s i r e d  t o  deve1op.a method-of t e s t i n g  i n -  

f l a t a b l e  s h e l l  s t r r u c t u r e s . i n  a manner , s i m i l a r  t o . t h a t  d e s c r i b e d  

above f o r  f l e x i b l e  s o l i d  r o d s ,  Cons iderab le  e f f o r t  was ex-  

pended w i t h  ve ry  l i t t l e  n o t a b l e  , s u c c e s s - i n  t h i s  q u e s t ,  However, 

t h e  expe r i ence  gained cou ld . fo rm. the  founda t ion  f o r  f u r t h e r  work 

i n  t h e  a r e a ,  P r i m a r i l y ,  t h e  problems encountered were i n  t h e  

conse ruc t ion  of a s u i t a b l e  s h e l l ,  and i n  a method t o  s e a l  and 

p r e s s u r i z e  t h e  s h e l l  whi le  s u b j e c t i n g  i t  t o  t h e  r e q u i r e d  mot ion ,  

The c o n s t r u c t i o n  problems a rose  i n  an a t t empt  t o  

avoid having a s t i f f e n e d  s h e l l ,  Attempts were made t o  c o n s t r u c t  

c y l i n d e r s  from po lye thy l ene ,  p o l y v i n y l c h l o r i d e ,  and mylar s h e e t  
r s 

0,OO'E to 0 . 0 0 6  i n  t h i c k n e s s .  The d i f f i c u l t i e s  a ro se  a t  t h e  

seam along which t h e  s h e l l  was s e a l e d .  Seve ra l  d i f f e r e n t  methods 

were e v a l u a t e d  as means t o  e f f e c t  a . p r e s s u r e  t i g h t  s e a l .  Any 

form of s o l i d i f y i n g  adhesive  agen t ,  such a s  g l u e s ,  r e s i n s  o r  

epoxy, was found t o  be t o t a l l y  unusab le ,  Th is  i s  e v i d e n t ,  s i n c e  

t h e  n e t  e f f e c t  of t h e s e  s e a l e r s ,  a f t e r  they  have s e t ,  i s  t o  i m -  

pose a non - f l ex ib l e  reg ion  i n  t h e  s h e l l ,  I n  a d d i t i o n  t o  g r o s s l y  

d i s t o r t i n g  t h e  bending o r  buck l ing  c h a r a c t e r i s t i c s  of t h e  s h e l l ,  

t h e s e  agen t s  would d e s t r o y  t h e  homogeniety o f  t h e  i n t e r n a l  weight  

d i s t r i b u t i o n  of t h e  s h e l l ,  and would produce a  d i s t o r t e d  c e n t r i -  

fugaP f o r c e  p a t t e r n  upon r o t a t i o n .  Also,  such a  s t i f f e n e d  band 

nr Pifie W O U ~ C !  u p ~ n  bepldiplg, gfther.rupture t h e  p r e s s u r e  seal o r  

p o s s i b l y  t e a r  t h e  s h e l l  i t s e l f ,  



Chemical a g e n t s ,  p ~ o d u e i n g  d i s s o l u t i o n  of t h e  m a t e r i a l  i t s e i i  

and a  r e s u l t i n g  s u r f a c e  KO sur face .bsnd ,  were a l s o  r s i e d ,  These 

proved u n s a t i q f a c t o r y ,  a l s o .  Genera l ly ,  i t  was v e r y  d i f f i c u l t  

t o  a s s u r e  a good p r e s s u r e  s e a l  wi th  t h i s  t ype  a g e n t ,  and i f  

s u f f i c i e n t  amounts of m a t e r i a l  were d i s s o l v e d  t o  a s s u r e  a  s e a l e d  

bond, t h e  concen t r a t ed  mass of - t h e  s e a l  . l i n e  produces t h e  same 

weight and s t i f f n e s s  pcoblems , o u t l i n e d  above, 

It was concluded ehae if non-commesica% s h e l l s  were t o  be 

c o n s t r u c t e d ,  t h e  s e a l i n g  agen t  should be some form .of f  l e x i b f e ,  

l i g h t w e i g h t  adhes ive ,  s i m i l a r  t o  p l a s t i c  t a p e ,  While no t  e n t i r e l y  

s a t i s f a c t o s y ,  t h i s  type agen t  proved by Ear t h e  s u p e r i o r  of  a l l  

o t h e r s  eva lua t ed ,  A t a p e  o f f e r s  s e v e r a l  advantages ,  i n  t h a t  i t  

i s  easy t o  work w i t h ,  and i t s  i nhe ren t  f l e x i b i l i t y  o f f e r s  the  

l e a s t  o b j e c t i o n a b l e  degree  o f  s t i f f e n i n g  t o  t h e  s h e l l ,  Also ,  

a t ape  g e n e r a l l y  w i l l  be of  t h e  same o rde r  sf magnitude o f  t h i c k -  

ness a s  t h e  shell. ,  and w i l l  produce much l e s s  s f  a weight  d i s -  

t r i b u t i o n  problem than  w i l l  be t h e  .case Eoc any sf t h e  o t h e r  

s e a l e r s ,  A reasonably  s a t i s f a c t o r y  s e a l  was f i n a l l y  ach ieved  on 

5 m i l  mylar ,  u s ing  a double-backed adhesive  t a p e  o f  2 mi9 t h i c k -  

ne s s  r e i n f  osced wf t h  a  s ingle-backed,  nylon-re inf  orced bonding 

t a p e  oq t h e  o u t s i d e  of  t h e  s e a l  l i n e  t o  p r e s e r v e  t h e  p r e s s u r e  

s e a l ,  E ~ c e g t  f o r  t h e  f a c t  t h a t  a  small a r e a  of o v e r l a p  of t h e  

mylar  was necessary  t o  . e f f e c t  t h e  s e a l ,  t h e r e  was no n o t i c e a b l e  

i n c r e a s e  i n  s t i f f n e s s - o f  t h e  s h e l l  waPEs, The p r e s s u r e  s e a l  was 

adequate  t o  approximately  a 5 p s i  overpressure  (19 p s i a )  and t h e r e  

was no n o t i c e a b l e  weight  c o n c e n t r a t i o n  a t  t h e  s e a l  l i n e ,  However, 

a s  i s  t h e  ca se  f o r  most p l a s t i c  adhes ives ,  t h e  s e a l  d e t e r i o r a t e d  



w1r.h xime and exposure ,  and t h e  s h e l l  became unusable  Esom a 

s e a l i n g  s t a n d p o i n t  w i t h i n  48 h o u r s  of its c o n s t r u c t i o n ,  I d e a l l y ,  

work of  t h i s  type should  be done ,by a  f a c i l i t y  capable  of manu- 

f a c t u r i n g  seamless  s h e l l s ,  as none o f  t h e  e f f o r t s  d e s c r i b e d  

h e r e i n  produced an e n t i r e l y  s a t i s f a c t o r y  s t r u c t u r e ,  

The second .problem a r e a  .was . t h a t  o f  -developing s u i t a b l e  

means by which t a  a t t a c h  t he  s h e l l  t o  t h e  testing-apparatus, 

c o n t r o l  t h e  inc idence  a n g l e ,  r o c a t e  t h e  e n t i r e  s t r u c x u r e ,  and a t  

t he  same t ime ,  e i t h e r  maintain. o r  seLective3.y vary  the i z ~ t e r l z a l  

p r e s s u r i z a t i o n  of t h e  s h e l l ,  The at tachment t o  t h c  appara7:us 

must be r i g i d  and o f f e r  a p o s i t i v e  seal, f o r  one end of  t h e  s h e l l ,  

and, most i m p o r t a n t l y ,  must n o t  i n  any way impede o r  a s s i s t  

bending o r  b u c k l i n g  c h a r a c t e r i s t i c s  of  t h e  shell, Two des igns  

f o r  a  g r i p  mechanism were developed,  b o t h  of which were workable ,  

The f i r s t  of t h e s e  employe8.a V-groove w i t h  an i n s i d e  m i l l e d  O -  

r i n g  groove,  t h e  s e a l  b e i n g  achieved when a matching male V 

section was pressed i n t o  t h e  groove s e a l i n g  t h e  s h e l l  on t h e  

i n s i d e  to t he  O-r ing-  T h i s  end p l a t e  was f a s t e n e d  t o  a t h r e a d e d  

m ~ u n t  which was i n s t a l l e d  i n  p l ace  of t h e  g r i p  appara tus  f o r  t h e  

rods d e s c r i b e d  above, While t h e  des ign  of t h i s  type of  p l a t e  

i s  adequate ,  an e x c e l l e n t  job of  a a c k i n i n g  must be done i n  t h e  

manufacture sf b o t h  t h e  male and female p a r t s  of  t h e  $ a t e ,  and 

the  edges are s u b j e c t  t o  d e t e r i o r a t i o n ,  Lessening t h e  e f f e c t i v e -  

ness  sf t h e  s e a l ,  Consequently,  a second des ign  was fo rmu la t ed ,  

employing an extended k n i f e  edge and r eces sed  O-r ing grooves 

on a  c y l i n d r i c a l  p l a t e ,  Ex te rna l  hose.cPannps a r e  t hen  t i g h t e n e d  



over t h e  O - r i n g s ,  p rov id ing  t h e  s e a l ,  and the  extended edge 

ma in t a in s  t h e  geometr ic  i n t e g r i t y  o f  the s h e l l  and c o n t r i b u t e s  

no e f f e c t s  t o  t h e  .bending .andfior :buck l ing  of  t h e  . s t r u c t u r e .  

This  p l a t e  was d r i l l e d - a n d  tapped &o be i n s t a l l e d  d i r e c t l y  

on to  t h e  t e s t i n g  appa ra tu s ,  and was equipped w i t h  a 6nelway 

va lve  f o r  p r e s s u r i z a t i o n  and was . tapped  f o r  i n s t a l l a t i o n  sf a  

smal l  gage t o  a s c e r t a i n  i n t a r n a l - p r e s s u r e  a t  t h e  d e s i r e d  

i n s t a n t ,  From a l l  i n d i c a t i o n s ,  t h i s  -f i na f  systen'i, g iven  a 

seamless  s h e l l  and proper  p r e s s u x i z a t i o n  supp ly  equipment,  would 

a l low exper imenta l  e v a l u a t i o n  of i n f l a t a b l e  s h e l l  s t r u c t u r e s ,  

A photograph s f  t h e  expe r inen t a f  appa ra tu s  w i th  one of  t h e  mylar 

s h e l l s  i n s t a l l e d  i s  shown i n  F igure  V-4, 
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